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Module-1
Waves and Oscillations

Periodic & Oscillatory Motion:-

The motion in which repeats after a regular interval of time is called
periodic motion.

1. The periodic motion in which there is existence of a restoring
force and the body moves along the same path to and fro about a
definite point called equilibrium position/mean position, is
called oscillatory motion.

2. In all type of oscillatory motion one thing is common i.e each
body (performing oscillatory motion) is subjected to a restoring
force that increases with increase in displacement from mean
position.

3. Types of oscillatory motion:-

It is of two types such as linear oscillation and circular
oscillation.
Example of linear oscillation:-
1. Oscillation of mass spring system.
2. Oscillation of fluid column in a U-tube.
3. Oscillation of floating cylinder.
4. Oscillation of body dropped in a tunnel along
earth diameter.
5. Oscillation of strings of musical instruments.
Example of circular oscillation:-
1. Oscillation of simple pendulum.
2. Oscillation of solid sphere in a cylinder (If
solid sphere rolls without slipping).
3. Oscillation of a circular ring suspended on a
nail.



Oscillatory system:-

1.

Oscillation of balance wheel of a clock.
Rotation of the earth around the sun.

The system in which the object exhibit to & fro
motion about the equilibrium position with a
restoring force is called oscillatory system.

. Oscillatory system is of two types such as
mechanical and non- mechanical system.

. Mechanical oscillatory system:-
e In this type of system body itself changes

its position.

For mechanical oscillation two things are
specially responsible i.e Inertia &
Restoring force.

E.g oscillation of mass spring system,
oscillation of fluid-column in a U-tube,
oscillation of simple pendulum, rotation
of earth around the sun, oscillation of
body dropped in a tunnel along earth
diameter, oscillation of floating cylinder,
oscillation of a circular ring suspended on
a nail, oscillation of atoms and ions of
solids, vibration of swings...etc.

4.Non-mechanical oscillatory system:-

In this type of system, body itself doesn*t change its
position but its physical property varies periodically.

e.g:-The electric current in an oscillatory circuit, the lamp of a body
which is heated and cooled periodically, the pressure in a gas through



a medium in which sound propagates, the electric and magnetic waves
propagates undergoes oscillatory change.

Simple Harmonic Motion:-

It is the simplest type of oscillatory motion.

A particle is said to be execute simple harmonic oscillation is the
restoring force is directed towards the equilibrium position and its
magnitude is directly proportional to the magnitude and displacement
from the equilibrium position.

If F is the restoring force on the oscillator when its displacement
from the equilibrium position is X, then

Fa —Xx

Here, the negative sign implies that the direction of
restoring force is opposite to that of displacement of body i.e towards
equilibrium position.

Where, k= proportionality constant called force constant.
Ma=-kx

Md2y=-kx
dt2

Md2y. +kx=0
dt2

d2y  k
aey —x=0
dt2 M



Where m?=k
M

Here OF\% is the angular frequency of the oscillation.

Equation (2) is called general differential equation of SHM.
By solving these differential equation
X=qe lwt + Belot . (3)

Where a, B are two constants which can be determined from the
initial condition of a physical system.

Appling de-Moiver*s theorem
Xx= (coswt+isinwt) + B(coswt-isinwt)

X= (a+ B) coswt+ (a — B) sinwt

x= Ccoswt+Dsinwt ......... 4)
WhereC=a +f
& D=a-p
Let assume,
C=Asin 6
D=Acos 6

Putting these value in equation (4)
X=Asin fcoswt +Acos fsinwt

X=A (sin 8coswt + cos 0 sinwt)
X=Asin(wt + 0) ............... (5)
Where A=,/(C*+D?) &6 = tan—l(%)



Similarly, the solution of differential equation can be given as
x=Acos( 8 + wt) ......... (6)

Here A denotes amplitude of oscillatory system, ( + wt) is called
phase and 6 is called epoch/initial phase/phase constant/phase angel.

Equation (5) and (6) represents displacement of SHM.
Velocity in SHM:-

x=Asin( wt + 0)

%:Aa)cos( wt + 0)
t

V=AwCOoS( wt + 6) ....ccouveee. (7)

The minimum value of v is 0(as minimum value of Asin( 8 + wt)=0
& maximum value is Aw. The maximum value of v is called velocity
amplitude.

Acceleration in SHM:-
a= -Aw%sin(wt + 0)........c........ (8)

The minimum value of ,.a* is 0 & maximum value is Aw?. The
maximum valueof ,,a* is called acceleration amplitude.

Also, a= w?x (from equation (5))
aa-y

It is also the condition for SHM.

Time period in SHM:-

The time required for one complete oscillation is called the time
period (T). It is related to the angular frequency(w) by.



Frequency in SHM:-

The number of oscillation per time is called frequency or it is the
reciprocal of time period.

Potential energy in SHM:-

The potential energy of oscillator at any instant of time is,
U=- f; Fdx
=- f: (—kx) dx

=1 fx?
2

=1 kA%Sin?( 0 + wt) .covevenne. (11)
2

(By using equation (5)).
Kinetic energy in SHM:-
The kinetic energy of oscillator at any instant of time is,

K=t (dx)2
2 dt

=1 MV?
2

K:% MAZw? cos?( 0 + wt) ....... (12)

(By using equation (7))

Both kinetic and potential energy oscillate with time when the kinetic
energy is maximum, the potential energy is minimum and vice versa.
Both kinetic and potential energy attain their maximum value twice in
one complete oscillation.

Total enerqy in SHM:-




Total energy= K.E+P.E

=1 MA%»? cos?( 6 + wt) + 1 kA%in?( 6 + wt)
2 2

:% kA%cos?( 6 + wt) +§ kAZ%sin?( 0 + wt)
Total energy =L 42

2
Total energy =1 MA2»?

2

The total energy of an oscillatory system is constant.

Graphical relation between different characteristics in SHM.
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COMPOUND PENDULUM (Physical pendulum):-

Compound /physical pendulum is a rigid body of any arbitrary shape
capable of rotating in a vertical plane about an axis passing through
the pendulum but not through the pendulum but not through centre of
gravity of pendulum.

The distance between the point of suspension the centre of gravity is
called the length of length of the pendulum &denoted by

When the pendulum is displaced through a angle 6 from the mean
position,a restoring torque come to play which tries to bring the
pendulum back to the mean position .But the oscillation continues due
to the inertia of restoring force.




Here the restoring force is -mgsin6. So the restoring torque about the
point of suspension “O” is

T=-mgIsinod .

If the moment of inertia of the body about “OA” is “I”, the angular
acceleration becomes,

o=t/I]

For very small angular displace “0 “, we assume that

Sin 6~0.

So, a=-mgl0/I.
a=-(mgl/) o ............. (2)

Also o=d20/dt?

Now we can write
d?0/dt?>+ (mgl/1) 0 =0..........c.......... (3)
d20/dt*+®m?0=0 ........c........... (4)

Where, o?= mgl/l. And eg"(4) is the general equation of simple
harmonic.

T=2n(/mgl)"
T=2n( M(k? +L2)/Mgl)'?.
Tzzn( (K2/|+|)/g)1/2 .......................................... (5)

Here k72+l:L, Called as equivalent length of pendulum..

If a line which is drawn along the line joining the point of
suspension & Centre of gravity by the distance “ k?1”.we have



another Point on the line called centre of Oscillation is equivalent
Length of pendulum .

So,the distance between centre of suspension & centre of Oscillation

Is equivalent length of pendulum .If these two points are interchanged
then “time period” will be constant.

L.C CIRCUIT(NON MECHANICAL OSCILLATION ):-

o
M:

gt oo

|
£ %
|

In this region,it is combination “L” &”C” with the DC source through
the key.If we Press the Key for a while then capacitor get charged &
restores the charge as “+Q” and”-Q” with the potential “v=g/c”

between the plates .When the switch is off the capacitor gets
discharged.

As capacitor gets discharged, q also decreases. So, current at that
situation is given by

I=dg/dt.



As ( decreases, electric field energy (Energy stored in electric field )
gradually decreases .This energy is transferred to magnetic field that
appears around the inductor. At a time,all the charge on the capacitor
becomes zero,the energy of capacitor is also Zero. Even though
equals to zero,the current is zero at this time.

Mathematically, Let the potential difference across the two plates of
capacitor at any instance” V” IS given by

V=q/C... v, (1)

In the inductor due to increases in the value of flow of current, the
strength of magnetic field ultimately the magnetic lines of force cut/
link with inductor changes. So a back emfdevelops which is given by

Now applying KVL to this LC circuit,
+Vv-¢=0

4+ 4=0

c dt

i+d2q_0

Lc d2t

This represents the general equation of SHM,

Here there is periodic execution of energy between electric field of
capacitor & magnetic field of inductor.

Here this LC oscillation act as an source of electromagnetic wave.

Here, (02:1/LC



=1/ pe
T=2nVLC

Damped oscillation:-

For a free oscillation the energy remains constant.
Hence oscillation continues indefinitely. However in real fact, the
amplitude of the oscillatory system gradually decreases due to
experiences of damping force like friction and resistance of the media.

The oscillators whose amplitude, in successive
oscillations goes on decreasing due to the presence of resistive forces
are called damped oscillators, and oscillation called damping
oscillation.

The damping force always acts in a opposite
directions to that of motion of oscillatory body and velocity
dependent.

Fdama —V
Fdam:'bv

b= damping constant which is a positive quantity defined as
damping force/velocity,

Fret = Frest Faam
Fnet: 'kX —bV
F =-kx—bdx

net
dt

Md2z+kx+ bdx = 0
dt2 dt

4 x =
dt2 Mdt M 0



Where p= ?_is the damping co-efficient & o =V is
2M 0 M

called the natural frequency of oscillating body.
The above equation is second degree linear homogeneous equation.

The general solution of above equation is found out by assuming x(t),
a function which is given by

X(t) = Aeat

dx = Aae*t = aX
dt

d2x — Aazeat — (X,ZX
dt2

Putting these values in equation
a®X + 20%Bx + wo?X =0

o +20%B + 002 =0 ..ocvvevrenen (3)

o = -BVB2 —we?, is the general solution of above
quadratic equation.

As we know,
X(t) =Aieat+ Azeat
X(t) = Aye(-B+VB2— w02ty A, o(—F—VB2— wO2)t
X(t) = e=Bt (AeVF2— 002ty p,e=VF2—w02t)  (4)

Depending upon the strength of damping force the quantity (B?-mo?)
can be positive /negative /zero giving rise to three different cases.

Case-1:- if B<wo?=> underdamping (oscillatory)

Case-2:- if p>wo?>=> overdamping (non-oscillatory)



Case-3:- if p=wq? => critical damping (non-oscillatory)

Case-1: [Under damping o@>p?]
If B?<wg?, then B?- wy?= -ve
let Prof=-0’=>VR2-wiFio
wherem:= V mp%- B2 = Real quantity
So the general equation of damped oscillation/equation (I\V) becomes
X (t) = e Pt (At +Ae01Y
By setting

Ar=r/-e% and Ay= r/oe,
X(t)= eP[r/,e® O+ rf,g1® 9]

:re-Bt[ei(6+mlt) + e-i(6+m1t)] /2

X(t)=rePtcos(0+°Y......... (V)

Here cos(6+ ®,") represents the motion is oscillatory having angular
frequency o, .The constant »r and " 0" are determined from initial
potion & velocity of oscillatior

T1=271/ w1

Ti=2N 0% B2...... (vi) (time period of damped oscillator)
T1>T (where T= time period of undamped oscillator
Implies f1< f

Frequency of damped oscillator is less than that of the
undamped oscillator.

In under damped condition amplitude is no more  constant and
decreases exponentially with time, till the oscillation dies out.



Mean life time:The time interval in which the oscillation falls to 1/e
of its initial value is called mean life time of the oscillator. (7)

1/,a=aePm=> e-fem=1,
e

=> -f rm=logel/e

i

Velocity of underdamped oscillation:

X(t)=re—Ftcos(mit+ 0)

= % = r[-Be™ cos(mit+ 6)-eP'w1 Sin( wit+ )

= %: v=-reP[Bcos(wt+ 0)+w; sin( wit+ 0)...(vi)
Now , x=0& t=0,

X(t)= re® cos(oit+ 6)

= 0 =re’cos(0+ 0)

=0 = cos0



T
=0 =

Using the value of 6 & t=0 in the equation (vii) we have
0= -I o1
Where value of Voin...............

Calculation of Energy(instantaneous):

K.E = 1mv?
2

K E :E1mvze—23[[32COSZ((D 1t+ 0)+ w,2sin?(wat+ 0)+ BwiSin?(wit+ 0)]

Potential Enegy:

P.E=1kx?
2

=1Kr2e—2Atcos® (o4t+ 0)
2

Total Energy:

T.E=K.E+P.E
=e—28[(Imv?+1kr?)cos’(w t+0)+Imr’w 2sin®(o t+0)
2 E 1 5 1 1

+ %mv2 Boisin2(wit+ 0)]
Total average energy:
<E >:%mr2 W 2e 2Bt
=E e 2ht
Where, Eo =Total energy of free oscillation

The average energy decipated during one cycle

< (t) > =Rate of energy



Decrement

The decrement measures the rate at which amplitude dies
away.

The ratio between amplitude of two successive maxima, is the
decrement of the oscillator.

rePy rePED = pgtht
The logarithmic decrement of oscillator is ,,A"
A =logaeft
= BT = 2nBN w2 p?
= A =log.ac/a;=logai/a,=......... =gPt=¢ 0
Rate of two amplitudes of oscillation whichare separated by one period

Relaxation time(r):

It is the time taken by damped oscillation by
decaying of its energy 1/e of its initial energy.

e

= _1:e_2ﬁr
e

=l oge!=loge—28"
=-1=—2p071
= r=1/28=m/b



Case-11:(over damping oscillation)
Here B?>m?
V BP-w2=+ve quantity
= o (say)
X (t) = ePt (Are™ +Ae™).............. (viii)

Depending upon the relative values of a, B ,A1, A2& initial position
and velocity the oscillator comes back to equilibrium position.
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The motion of simple pendulum in a highly viscous medium is an
example of over damped oscillation.

Quality factor:

Qen P naen_ g S
> Q=mr
Critical damping:
Bz = 2
The general solution of equation (ii) in this case,
X (1) = (CHHD) @bt ooeeeeeeeessesssssssssssssssssssss (i%)

Here the displacement approaches to zero asymptotically for given
value of initial position and velocity a critically damped oscillator
approaches equilibrium position faster than other two cases.

Example: The springs of automobiles or the springs of dead beat
galvanometer.



Curves of three Cases:

n

A

(¢

Forced Oscillation

The oscillation of a oscillator is said to be forced oscillator or driven
oscillation if the oscillator is subjected to external periodic force.

If an external periodic sinusoidal force ,,Fcosmt™ acts on a damped
oscillator, its equation of motion is written as,

F =-kx-Db & +Fcoswt
net .

dt
zx
m 4 "+ = -kx —b 4 +Fcosot
dt? dt
d’x,  bdx  kx =Fcosot
dt? m dt m m

d?x dx 2
—+ 2= + X = fycosmt
dt? 2P dt 0 0




(i)
Where =5 . ~2_k andf _F , andf and 0)02 respectively called as

2m 0 m 0 m

damping coefficient, natural frequency.

Equation (i) is also represented as

X + 2B%+ wo*x= focoswmt

Equation (i) represents the general equation of forced oscillation.

Equation (i) is a non-homogenous differential equation with constant
co-efficient. For weak damping (0,2 >B 2) , the general equation
contains,

X(t) = Xe(t) + Xp(t)

Where x.(t) is called complementary solution and its value is

X, (D)=e—ft (A eVb2—o0” +A e—VB2—w0®) (ii)
Now Xp(t) is called the particular integral part.

Let us choose

Xp(t) = P cos (wt-9)

x(t)= -Posin(mt-5)
X(1)=-P0?COS(WL-0)..veverirrirririrreiieiereas (iii)

Putting Xp(t) ,x(t) , x(t) in eq" (i) we get
- Pw?cos (ot-6)-2BPw sin (ot-8) + we?Pcos(wt-8) = focosmt

- Pw?cos (ot-6)-2BPw sin (ot-8) + we?Pcos(wt-8) = focos (ot-8 + & )



- Pw?cos(wt-8)-2BPw sin(wt-8) + wg?Pcos(wt-6) = fy [ cos (wt-5 ) .cos
0 — sin(mt-0 ) .sind |

Now, compairing the coefficient of cos(wt-6) and sin (®t-3) on both
sides,

2BP® = T0SING ....vvveeeiiiiie e (V)
Squaring and adding eq" (iv) & (V)
{(0e>-0?)PY +4 B? P 2w? =f?

P =7 joz — s (vi)
(a)o—)+4

Now dividing eq" (v) by (iv)

o= tan—1 (ngfgg) ............................. (vii)
Xp= ﬁ — cos(mt-0)  (steady state solution)
(a)o— ) +4

Now, X(t) = Xc(t) + Xp(t)
X(t) = eht (Alex/B‘Z—_wo?'_,_ Aze—\/ﬁifwﬁ; ) +

50 cos(ot-
72 77

T2

(wp—w ) +4

0)
Steady state behavior:

Frequency:-The Oscillator oscillates with the same frequency as that
of the periodic force.

woand o are very close to each other then beats will be produced and
these beats are transient as it lasts as long as the steady state lasts. The
duration between transient beats is determined by the damping
coefficient ,,3*.



Phase: The phase difference ,,6 between the oscillator and the driving
force or between the displacement and driving is

Sztan—l Zﬁw )

O_w

This shows that there is a delay between the action of the driving
force and response of the oscillator.

(In the above figure fo= o and f;= ® )

At o=wo » L, the displacement of the oscillator lags behind the

driving force byg :
At o<<wo then 6=0— 6=0

For o>> wo then d =-22 — -O0=rt
w

Amplitude: The amplitude of driven oscillator , in the steady state ,
IS given by

F/m fo
A= N 7 2 ——=2* VAR
(wo— ) +4 (wop—w ) +4f w




It depends upon (w?-®?). If it is very small, then the amplitude of
forced oscillation increases.

Case-1: At very high driving force i.e ®>>wo and damping is small
(B 1s small) or ( p—0)

Amplitude is inversely proportional to the mass of the oscillator &
hence the motion is mass controlled motion.

Case-2: At very low driving force (0<<wo) and damping is small

(p—0),

So, when the low driving force is applied to oscillator, the
amplitude remains almost constant for low damping. The
amplitude of the forced oscillator in the region w<<woand B< wo
is inversely proportional to the stiffness constant (k) and hence
motion is called the stiffness controlled motion.



Case:-iii (Resistance controlled motion)

When angular frequency of driving force=natural
frequency of oscillator i.e.(w=wo)

A=folN4B2w? =fo/2Bw
A=t/bo=1t/bwo
RESONANCE:-

The amplitude of vibration becomes large for small damping(p is less)
and the maximum amplitude is inversely proportional to resistive term
(b) hence called as resonance. It is the phenomenon of a body setting
a body into vibrations with its natural frequency by the application of
a periodic force of same frequency.

If the amplitude of oscillation is maximum when the driving
frequency is same as natural frequency of oscillator. (l.e. ® =wo).

., A“ will be the max. Only the denominator of the expression

V(wh — w?)? + 482w?is minimum i.e.

% [V(w} — w?)? + 4B2w? =0
=>-400 4w +8B2w=0
=>-@y*+®*+2°=0

=>@= wag—aﬁ% =w0\/61———27327‘w?

It is the value of angular frequency, where ,,A* will be maximum in
presence of damping force

But when damping is very small,
®=wp (B—0)

The max value of ,,A ,,when damping is present



A=foV[(wd — w?)? + 482w?]
=folV feo>—(ew*—2212+4P (o —26>
0 0 0

=folV4B* + 4B2w%— 8p*

=foV[4B%wo — 44
Anmax=Fo/ 28V 0 —HS :f/2mB\/(w20?ﬂ2§—

2
0

This is called amplitude Resonance.

Value of the frequency at which amplitude resonance occurs i.e.
amplitude becomes maximum.

Bi<B, fi=w/2n
=V (0%-2p2)/2n
Damping is small,
fr=wo/2n
Here, fr* is called resonant frequency.
Phase at resonance:-

O=mn/2

Velocity of oscillator is in same phase with the driving force
.Therefore, the driving force always acts in the direction of motion
of oscillator. So energy transfers from driving force to oscillation

are maxm,

Sharpness of resonance:-

The amplitude is maximum at resonance frequency which
decreases rapidly as the frequency increases or decreases from the

resonant frequency.



szo \—7

The rate at which the amplitude decreases with the driving frequency
on either side of resonant frequency is termed as ,,“sharpness of

eeee

resonance .
Different condition:-

(i) For o=wo+p, the amp. Becomes A=A max/v'2.The width of resonance
curve i.e. the range of frequency over which the amplitude remains
more than AmadV2.

Aw= (0ot+P)-(wo-B)=2p
Thus if p is small,Aw is small.
(i) For =0, A—o0 at w=awo.

(iii) If there is small ,,3*, amp. Resonance occurs lesser value amp is max at
®O—r.

(iv)If B*“is high, A is max but the peak moves towards left &max. amp
decreases.

(v)So resonance is sharp for low ,,3* & flat for high ,,p*.
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Velocity:-

X=xp=folV[[(w} — w?)? + 4B2%w?] cos (mt — &)

V=-0fdV[(w} — ©?)? + 45%w?] sin (mt — &)

V=0fyV[(w} — w?)? + 4B2w?] sin (mt — & + I

Vmax:(Dfo/\/(a)% — w2)2 + 4,32(1)2

*here also ,,v*“is max. When wo=0.
(Vmax.amp):f/ b

Calculation of energy:-

X=_, 10, cos(wt — 6)
v 2 Z Z 2
(wo—) +4




Where F— 10, =A

4 YARA
(wo—) +4
V:V, i J‘ffg : Zcos(pt-6+n/2)
(wo—) +4

Average potential energy:-

P.E=1kx?
2

- ¢ 2( -
ikv, #——r—rCOS (wt-0)

A 2
(wo—) +4

=1 kA?cos?(wt-3)
2

<P.E>=1kA?
4

:meoz A2
(average of cos?0=1/2)

Average Kinetic energy:-

K.E=1 mv?
2
1 fzwz 2
=m 0 coS (wt-0+m/2)
2 (w%—wz) 2+4,82w2

:% mw?A%cos?(pt-6+mn/2)

<K.E>=1 m®2A?
4

Total average energy:-

<eE>=<K.E> +<P.E>

MmZ2AZ2 + 1 mmo2A2

=1
4 4



<€> =*mA? (mo? + m?)

POWER:-

Power absorption:

Pab = FPe.V

=F Cos (mt — §).

0w Cos(mt—4&+ T/5)

V(wo2— w?)?2 +4B2%2w?

=AF Cos (mt — ) Sin (mt — §)

=1 AF Sin 2 (mt — §)
2

f()2 w2

[(wo?— @D)? +4%07]

< Pabs > =

=m A? S m?

* Pmaxabsorbed when mo = m

= p _ fo’Bwe? _ fo*
max ~— 2 2 )
4B2we AP

ii),. Power dissipation:

Padis = Fdamp-V Or
=+b K v
dt
=+bv?
Pdis = 2m ,8 V2
2.2
— fo ¢
= Pdis Zm'B'

(0o~ w?)Z +4p2w?]

Fresistive X Inst. velocity

B="/5)

.Cos2 (pt— 6 + )
2



= < Pgis > = 2MBA2m?2 X 1/2

= < Pdis > = m,BAZmZ

Thus in the steady state of forced vibration, the average rate of power
supplied by the forcing system is equal to the average of work done

by the forced system against the damping force.

QUALITY FACTOR:-

Quiality factor is a measure of sharpness of resonance.

Q- Factor is defined as,

Q =27 X average energy stored per cycle
average energy dissipated per cycle

=2m X Eav
T.Pay

1 20, 2 2

m A% (wo“+ w*)
=2X 4 - 2.2

TXmpPBwA

_ (0o*+ w?) _ (wo*+ w?)

T 4Bw? 4(Bw)

At m = mo , for weak damping

_ 2wo?
Q 4(Bwo)

=>

c
o

Q:

2

=

pSmall, Q - Large, sharpness of resonance is more.



Again,

Q =

Resonant frequency __ wo

width of resonance curve 26

Larger value of Quality factor (less ), sharper is the resonance.

System Q value
Earthquake 250 —
1400
Violin string 103
Microwave 10°
resonator
Crystalosill 106
Excetetation 108

Amplitude Resonance Velocity Resonance




1. In amp. Resonance, the amp.
of oscillator is maximumfor
a particular frequency of the
applied force.

2. Amplitude resonance occurs
at mr = (mo — 22)1/2

3. At applied frequency m =
0,the amp. of the freq.
oscillator is F/k

4. The phase of the forced

oscillator with respect to that

of applied force is ™/,

. The velocity amplitude of the

forced oscillator is the

maximum at a particular

frequency of applied force.

. Velocity resonance occurs at

m=m

. Applied frequency m = 0, the

velocity amplitude is zero.

. Phase of the forced oscillator

with respect to that of applied

forceis ....

Mechanical Impedance

The force required to produce unit velocity is called the mechanical

impedance of the oscillator.
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Module-II
INTERFERENCE

Coherent Superposition:

The superposition is said to be coherent if two waves having constant
phase or zero phase difference.

In this case, the resultant intensity differs from the sum of intensities
of individual waves due to interfering factor.

e 11+,

Incoherent Superposition:

The superposition is said to be incoherent if phase changes frequently
or randomly.

In this case, the resultant intensity is equal to the sum of the
intensities of the individual waves.

el =1+

Two Beam Superposition:

When two beam having same frequency, wavelength and different in
amplitude and phase propagates in a medium, they undergo principle
of superposition which is known as two beam superposition.



Let us consider two waves having different amplitude and phase
are propagated in a medium is given as
f1 = aisin(kx — wt + @1)

(1)
12 = az sin(kx — wt + @2)
(2)
Applying the principle of superposition
fF=f+5

f=aisin(kx — wt + @1) + az sin(kx — wt + @2)
= a1 sin(kx — wt) cos @1 + a2 cos(kx — wt) sin @1 +

az sin(kx — wt) cos @2 + az cos(kx — wt) sin @2
= (a1 cos @1 + az cos @2) sin(kx — wt) + (a1 sin @1 +
az sin @2) cos(kx — wt) (3)
Let
a1 cos @1 + az cos 2 = Acos 0
(4)
and aisin @1 + azsingz2 = Asin6
()

f = Acossin(kx — wt) + Asin 6 cos(kx — wt)

= [sin(kx — wt) cos 8 + cos(kx — wt) sin B]f
= Asin(kx — wt + 0)
(6)

Squaring and adding equation (4) and (5)
A% = (a1 cos @1 +az cos @2)? + (a1 sin @1 + az sin @2)?

= a’cos?@p1 + a*cos?@: + 2aiaz cos @1 cos @2 + asin?g:
1 2 1

+ ajsin?@2 + 2aiaz sin @1 sin @2
A% = a? + a? + 2aiaz[cos @1 cos @2 + sin @1 sin @]

A? = a% + a% + 2aiaz cos( @2 — @1)
1 2
A= Var+ai+2ararcostpr—om)
1 2
(7)
We know, [ « A2
= = KA2



= (a? + a? + 2a1az cos( @2 — 1)
1 2

= = Ka?+ Ka%+ K2aiaz cos( g2 — 1)

= =h+DL+ 2\/11_\/12_COS( Y2 — P1)
(8)
Dividing equation (5) by (4), we get,

ai sin @1 + az sin @2
tanf =

ai COS @1 +az cos @2
Coherent Superposition:
In coherent superposition, the phase difference remains constant
between two beams.
i.e.cos(@2 —@1) = lor — 1
If cos(p2—¢@1) =1
Now equation (7) and (8) becomes,

A=VaZ +aZ + 2a1az
1 2

= = (a1+ az)?

Amax = a1 +azand =11+ I+ 2VIl2
= Imax = (VI1 + VI2)?

The two beams having same amplitude,
ar=azx=a

=  Amax = 2a

= Imax = 4lo

Again, if cos( @2 — 1) = —1

Amin = Va2 +a? — 2a1az
1 2

=Amin = a1 — ay
I[=1+12— 2V

Imin = (\/]1 — \/12)2
For same amplitude,
Amin =0

=Imin =0



Incoherent Superposition:
In incoherent superposition the phase difference between the waves
changes frequently or randomly, so the time average of the interfering

term(2+v11l2 cos( @2 — 1)) vanishes as the cos value varies from -1

ﬁe}e,A=\/2+a2
1

a“ r a“

2
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Multiple beam superpositions:

When a number of beams having same frequency, wavelength and
different amplitude and phase are undergoing the superposition, such
superposition is known as multiple beam superpositions.

Let 1,062,083, T4, n be the number of beams having same
frequency, wavelength and different in amplitude and phase are
propagating in a medium are given as,

f1 = Aisin(kx — wt + ¢1)

12 = Az sin(kx — wt + ¢@2)

= Ansin(kx — wt + @n)
According to principle of superposition,

f=f1f2;f3;_f4 ................. _fN
N
=225

i=1
N

= = > Aisin(kx — wt + @i)
i=1
= =YV, Aisin(kx — wt + @) (1)

where A4; = resultant amplitude of the i"" component.
@i =Phase of the i"" component.



Asin @ = Y_; Ai sin ¢; (2)
Acos @ = YN, Aicos @i (3)

Squaring and adding (2) and (3) we get,
N N
A2 =Y A2+ 2 Aidjcos(pj — i)
i=1 i=1
i’j
The phase angle is given as,
YN | Ai sin @i
N | Ai cos @i
Coherent Superposition:
In this case the phase difference between the waves remains constant
I.e. (cos@j — i) = +1
N N
=A2 =) A? + 2 AiA;
i=1 i=1
i’j
If all the beams having equal amplitudes.
.e. A1 = A2 = = Ay = A1

tan @ =

A2 = (NA1)? = N2A?

Now, I = kA2
= kN242,
=1 N 2|

coherent = 1

Incoherent Superposition

In incoherent superposition, the phase difference between the beams
changes frequently or randomly due to which the time average of
factor < Y}V, AiA4j cos(g; — i) > vanishes as cos value varies from-
1to+1



N
> AiAj cos(p; — i) =0
i=1

N
A2 = NY A?

i=1

Now , 1| KA?

incoherent —

KNYN 42
i=1""1i

= KNA?

=1 = NI =N = Icoherent
incoherent 1
icoherent

Interference:

The phenomenon of modification in distribution of energy due
to superposition of two or more number of waves is known as
interference.

To explain the interference, let us consider a monochromatic source
of light having wavelength A and emitting light in all possible
directions.

According to Huygens®s principle, as each point of a given wavefront
will act as centre of disturbance they will emit secondary wave front
on reaching slit S; and Sa.

As a result of which, the secondary wave front emitted from slit S1
and S2 undergo the Principle of superposition.




During the propagation, the crest or trough of one wave falls upon the
crest and trough of other wave forming constructive interference,
while the crest of one wave of trough of other wave producing
destructive interference.

Thus, the interfering slit consisting of alternate dark and bright
fringes, which explain the phenomenon of interference.

Mathematical treatment:

Let us consider two harmonic waves of same frequency and
wavelength and different amplitude and phase are propagating in a
medium given as

Y=y1+y2
= asin wt + b sin(wt + @)
= a sin wt + b sin wt cos ¢ + b cos wt sin ¢
= (a + b cos @) sin wt + b sin ¢ cos wt
Leta + bcos¢e = Acos@
bsing = Asin@
y = A cos 0 sin wt + A sin 8 cos wt
y = Asin(wt + 0)
Squaring and adding (2) and (3)
A?co0s?0 + A?sin?0 = (a + b cos @)? + b2sin?g

A? = a? + b? + 2ab cos @

*A = Va2 + b2 + 2ab cos ¢+



AS, 1 « A2

I = KA?

= (a? + b% + 2ab cos @)

[ =11+ 12+ VI + \/Ecosga]
Dividing equation (3) by (2) we get,

b sin
tan 0 = ne

a + b cos ¢

Condition for maxima:

The intensity will be maximum when the constructive interference
takes place i.e.

cosg = +1
COS (9 = COS 2nm

@ ==x2n,n=0,1, 2...

21T
= __ X pathdifferenc(Ax) = +2nn

A
[Ax = +nl]
A
[Ax = 2n E]

The constructive interference is when ¢ difference is even multiple of

m or integral multiple of 27 and path difference is an integral

multiple of -
2

Now, [I =Imax =11 + 12 + ZJE]



[Imax = (VI 4+ V12)?]

[Amax = a + b]

If the waves having equal amplitude,
[Amax = 24a]

Imax = KAZ, 4,

= (2a)?

= K4a?

[Imax = 410]

Condition for minima

The intensity will be minimum destructive interference takes place
l.e.cosp = —1

[ = +(2n + 1)mr] Wheren =0, 1, 2, 3...

2T
=>_ Xx)=x2n+Dm
A

A
[Ax = +(2n + 1) E]

Thus destructive interference takes place when phase difference is
odd multiple of = and path difference is odd multiple of;

NOW, [I = Imin = I1 + I2 — 2V I117]

[Imin = W11 —VI2)?]



[Amin =a-— b]
Intensity distribution curve
If we plot a graph between phase difference or path difference along

X-axis and intensity along Y-axis, the nature of the graph will be

symmetrical on either side.

;-,IY\‘\QX :4 IO ’ AﬁhK:ZQ

From the graph, it is observed that,

1) The fringes are of equal width
2) Maxima having equal intensities
3) All the minima*s are perfectly dark

The phenomenon of interference tends to conservation of energy i.e.
the region where intensity is 0, actually the energy present is maxima.
As the minima®s and maxima position changes alternatively so the
disappearance of energy appearing is same as the energy appearing in

other energy which leads to the principle of conservation of energy.



Sustained Interference
The interference phenomenon in which position of the maxima and
minima don“t changes with time is called sustained interference.
Condition for Interference
1) The two waves must have same frequency and wavelength.
2) The two source of light should be coherent.
3) The amplitude of wave may be equal or nearly equal.
Condition for good Contrast
I.  The two slit must be narrow.
I1.  The distance between the two slit must be small.
I11.  The background should be perfectly dark.
IV. The distribution between the slit and the screen should be large.
V. The two waves may have equal or nearly equal amplitude (for
sharp superposition).
Coherent Sources
The two sources are said to be coherent if they have same phase
difference, zero phase difference or their relative phase is constant
with respect to time.
Practical resolution of Coherent
Coherent sources from a single source of light can be realised as
follows
A narrow beam of light can be split into its number of component

waves and multiple reflections.



Component light waves are allowed to travel different optical path so

that they will suffer a path difference and hence phase difference.

2
[phase difference = _n X path difference]
A

Methods for producing coherent sources/Types of interferences
Coherent sources can be produced by two methods

1) Division of wave front

2) Division of amplitude
Division of Wave front
The process of coherent source or interference by dividing the wave
front of a given source of light is known as division of wave front.
This can be done by method of reflection or refraction. In this case a

point source is used.

Examples
1. YDSE
2.Lylord*s single mirror method
3.Fresnel*s bi-prism
4.Bilet splitting lens method
DIVISION OF AMPLITUDE
The process of obtaining a coherent source by splitting the amplitude
of light waves is called division of amplitude which can be done by
multiple reflections.

In this case, extended source of light is used.



1.Newton"s ring method
2.Thin film method
3. Michelson‘s interferometer

Young’sDouble Slit Experiment:
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In 1801 Thomas Young demonstrated the phenomenon of interference
in the laboratory with a suitable arrangement. It is based on the
principle of division of wavefront of interference. The experiential
arrangement consists of two narrow slits, S; and S, closely spaced,
illuminated by a monochromatic source of light S. A screen is placed
at a distance D from the slit to observe the interference pattern.

In the figure,
d — Slit separation

D — Slit and screen separation

» —» Wavelength of light
Y —distance of interfering point from the centre of slit
Ax —»Path difference coming from the light S; and S,

Optical path difference between the rays coming through
Si1and S;



Now the path difference,
Ax = $2P — S$1P
In figure, S2:P = [S2C? + P(C?]Y/?
=D+ + 97

d
(y+ 2)2
— D7z

]1/2

=D[14+__2 ] (Using binomial theorem)

Similarly,

= — e
_2D><4y2
=y£
D
d
Ax =y
D

The alternative dark and bright patches obtained on the interference
screen due to superposition of light waves are known as fringe.

Condition for bright fringe



The bright fringe is obtained when the path difference is integral
multiple of ri.e.

AX =nk
From equation (4) and (5), we get

y £=nA
"D

¥, ="7D Wheren=0,1,2 ......

Condition for dark fringe

It will be obtained when the path difference is an odd multiple of A/2
i.e.

_ (2n+1)
T2

Ax

From (4) and (6), we get

ynd _ (2n+1)

D 2
n =0 Wheren=0,1,2......
Fringe Width

The separation between two consecutive dark fringes and bright
fringes is known as fringe width.

If y» and yn—1 be the two consecutive bright fringe.

B =Yn—Yyn-1
nAD (n-—1)D
~ 4T d
AD

:82_

d



Similarly, is y» and y»—1 be the two consecutive dark fringes.

B = (2n+1)/1£—[2(n—1)+1]><)£

2d 2d
D, D
=24 24
! D
P=

It is concluded that the separation between the two consecutive bright
fringes is equal to the consecutive dark fringes.

Sop=p
Hence bright and dark fringes are equispaced.

Discussion:

From the expression for g = ' =%

= ﬂocl

= ﬂoc D

= ﬂoc 1

d
If young double slit apparatus is shifted from air to any medium
having refractive index (), fringe pattern will remain unchanged and

the fringe width decreases (1/u) as A decreases.

C = flo

u:ﬁzﬂ
V. fm

> A =0
moou

If YDSE is shifted from air to water, the fringe width decreases3/4
times width in air.
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When YDSE is performed with white light instead of monochromatic
light we observed,
I.  Fringe pattern remains unchanged
I1. Fringe width decreases gradually
1. Central fringe is white and others are coloured fringes
overlapping
When YDSE is performed with red, blue and green light
AR > A¢ > AB
Sofr > Pc > Ps
=< ko
V fAm
Ao
Am
Ao

Wavelength of light in any given medium, decreases tol/u times of

u:

wavelength in vacuum.

Bec Am
_ AmD
==
AoD

[Bn =22
ud

So, it decreases 1/u times.



Newton’s Ring

The alternate dark and bright fringe obtained at the point of contact of
a Plano convex lens with its convex side placed over a plane glass
plate are known as Newton‘‘s ring as it was first obtained by Newton.

The formation of the Newton*s ring is based on the
principle of interference due to division of amplitude.

Experimental Arrangement
The experimental arrangement consist of

a) S: Monochromatic source of monochromatic light

b) P: A plane glass plate

c) L: A convex lens which is placed at its focal length to make the

rays parallel after refraction



d) G: A plane glass plate inclined at on 45° to make the parallel
rays travel vertically downwards

e) L“: A plane convex lens of long focal length whose convex side
kept in contact with plane glass plate

f) T: Travelling microscope mounted over the instrument to focus

the Newton‘“s ring.
Formation of Newton’s Ring

I. To explain the formation of Newton“s ring, let us consider a
plano-convex lens with its convex side kept in contact with a
plane glass plate.

[l. At the point of contact air film is formed whose thickness
gradually goes on increasing towards outside.
[1l.  When a beam of monochromatic light is incident on the

arrangement, a part of it get reflected from the upward surface
of the air film and the part of light get reflected from the lower

surface of the air film.

\/

- =

I & |

IV. The light which reflected from glass to air undergoes a phase
change of ,,n and those are reflected from air glass suffers no

phase change.



V. As a result of which they super-impose constructively and
destructively forming the alternate dark and bright fringe at the

point of contact.
Condition for bright and dark fringe in Reflected light

In Newton“s ring experiment, the light travels from upper and lower
part of the air film suffers a path difference of A/2 (phase change of
m). Again, as the ray of light reflected twice between the air films

having thickness,,t”. Then the total path travelled by the light is given

as(2t + .
2

Now, from the condition for bright ring, we have,

5
ni

ol T

A
2t =nAd — _
2

2
2t=2n—-1)_
2

From the condition for the dark fringe we have,

A 2
2t +5=@n+ 1)y

2
s 2t=-(2n+1-1) =n

= 2t = nA

Newton’s ring in transmitted light

The Newton®s rings obtained in transmitted light are complementary
to that of Newton“s ring obtained in reflected light i.e.



In transmitted light, the condition for bright ring is,
2t = nAi

And for dark ring is,

A
2t=02n—-1)_
2
Newton’s ring in Reflected Light and Transmitted Light
In reflected light In transmitted light
(a) Condition for bright ring; (a) Condition for bright ring;
2t =(2n—1)- 2t =ni
2
(b)Condition for Dbright (b)Condition for  dark
. ring;
ring;
(c)Newtons rings are more (c)Newton“s rings are less
intense. intense.

DETRMINATION OF DIAMETER OF NEWTON"S RING

€ ‘
» G L
5 I\ I L

? i
2R b

L. I

LOL* is the section of lens placed on glass plate AB. C is the centre
of curvature of curved surface LOL®. R is its radius of curvature and r

IS the radius of Newton‘“s ring corresponding to film if thickness t.




From the property of circles,
PN x NQ =ON x \B
rXxr=tX (2R —1t)

t = thickness of air film

r2 = 2Rt — t2
r2 = 2R(-t« 1)
T'Z
S>t=—
‘ 2R
From the condition for bright Newtons ring,
A
2t=02n—-1)_
2
T2 A
X — = —1)=
= 2 R (2n — 1) 5

S>r2=2n—-1)_
2

DZ

= D2 = 2(2n — 1R
= D2 = 2(2n — 1)R, For the n"" ring.

Q) Show that diameter of Newton“s dark or bright fringe is

proportional to root of natural numbers.

D =vV2(2n—- 1AR



=V2AR x 2n — 1)
= constant X V(2n — 1)
ﬁDnOC 2n—1,n21,2,3 .......

Thus the diameter of Newtons bright ring is proportional to square

root of odd natural numbers.

Similarly from the Newton“s dark ring,

2t =nA
72
> 2 Xop = na
r2
:Ezn/l
= 12 = nAR
D2
:T=n/1R
= D? = 4nAR
= Dn = V4nAR
= V4ARYn

= constant X Vn

Dn = constant X \/r_z

Dn.\n

Thus the diameter of Newtons dark ring is proportional to square root

of natural numbers.



Determination of wavelength of light using Newton’s ring method

To determine the wavelength of light, let us consider the arrangement
which involves a travelling microscope mounted over the Newton®s

ring.

Apparatus, on focusing the microscope over the ring system and
placing the crosswire of the eye piece on tangent position, the
readings are noted. On taking readings on different positions of the
crosswire on various rings we are able to calculate the wavelength of

light used.
Let D and (n+p) be the n™ and (n+p)™ dark ring, then we have,
D2 = 4nAR

Qrzl+p) - 4(7’1 + p)R

Subtracting equation (1) from (2) we get,

D2 —D?=4(n+p)R —4niR
(n+p) n
D2 — D2
(n+p)
n — A
4PR

This is the required expression from the wavelength of light for

Newtons ring method.

If we plot a graph between the orders of ring along X-axis and the
diameter of the ring along Y-axis, the nature of the graph will be a

straight line passing through origin.
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From the graph the wavelength of light can be calculated the slope of

the slope of the graph.

ﬁ Slope of the graph = wavelength of light

2 2
AB _ D(n+p) — D,

—
CD P
D2 — D2
(n+p) n
Sl =
ope P

Determination of refractive index of liquid by Newton’s ring

The liquid whose refractive index is to be determined is to be placed
between the gap focused between plane convex lens and plane glass
plate. Now the optical path travelled by the light is to be 2ut, instead
of 2t where [ be the refractive index of the liquid from the condition

for the Newton“s ring we have,

2ut = nAa
r ,
= —_— =
ZHZR n
2
= u—= =nd

R



R n
D? na
4R~ p
,  4niAR
> =
i
For n ring, D2 = 4nR
u
Let D' and D' be the diameter of the (n+p)" and n" dark ring in
n+p n
presence of liquid then
D2 _4n+p)R and . _ 4niR
n+p M n m
Now ,
D7 -D?= 4(n+ p)AR _4nAR _ 4pAR 1)

n u u

If the same order ring observed in air then
D2 —D? = 4piR (2)

n+p

Dividing equation (2) by (1) ,we have

pn= /(DHZH) - DiQair
D,

/quuid
r%p _ Drb

This is the required expression for refractive index of the liquid.



DIFFRACTION
Fundamental Idea about diffraction:

» The phenomenon of bending of light around the corner of an
aperture or at the edge of an obstacle is known as diffraction

» The diffraction is possible for all types of waves

» The diffraction verifies the wave nature of light

» Diffraction takes place is due to superposition of light waves
coming from two different points of a single wave front

» Diffraction takes place when the dimension of the obstacle is
comparable with the wavelength of the incident light.
Explanation of diffraction:

To explain diffraction, let us consider an obstacle AB is placed
on the path of an monochromatic beam of light coming from a source
,,S° which produces the geometrical shadow CD on the screen. This
proves the rectilinear propagation of light.




If the dimension or size of the obstacle is comparable with the
wave length of the incident light, then light bends at the edge of the
obstacle and enters in to the geometrical shadow region of the
obstacle. According to Fresnel inside a well region, the destructive
interference takes place for which we get brightest central maxima,
which is associated with the diminishing lights on either side of the
shadow as the constructive interference takes place out side the well
region. This explains the diffraction phenomena.

Types of Diffraction:

Depending on the relative position of the obstacle from the source and

screen, the diffraction is of 2 types.

a. Fresnel Diffraction

b. Fraunhoffer Diffraction

Fresnel’s Diffraction

Fraunhoffer Diffraction

(1)

(2)

(3)

The type of diffraction
in which the distance of
either source or screen or
both from the obstacle is
finite, such diffraction is
known as Fresnel*s
diffraction.

No lenses are used to
make the rays converge or
parallel.

The incident wave
front is either cylindrical or
spherical.

Ex:The diffraction at the
straight edge.

(1)

(2)

(3)

The type of diffraction
in  which the distance of
either source or screen or
both from the obstacle is
infinite, such diffraction is
known as Fraunhoffer
diffraction.

Lenses are used to
make the rays converge or
parallel.

The incident
front is plane.

Ex:. The diffraction at the
narrow.

wave
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Fraunhoffer Diffraction due to a single slit:

Let us consider a parallel beam of monochromatic light
inside on a slit ,,AB* having width ,,e. The rays of the light
which are incident normally on the convex lens ,,L,“, they are
converged to a point ,,Po™ on the screen forming a central bright

image.

- - -———

Fraunhoffer diffraction due to single slit
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Schematic digram for Fraunhoffer diffraction due to single
slit

The rays of light which get deviated by an angle ,,0%, they are
converged to a point ,P1*, forming an image having lens
intensity.

As the rays get deviated at the slit ,,AB* they suffer a path
difference. Therefore path difference, BK = AB Sinf

= ¢ sinf

] 2n .
Therefore, Phase difference = ; esind

Let us divide the single slit into “n* no. of equal holes and a be
the amplitude of the light coming from each equal holes.

: on
Then Avg. phase difference= ! k_n esing
n

Now the resultant amplitude due to superposition of waves is
given as



(nd) . [(m12n ] (1 \

asin asin esind asin = esind

N Y B 7" W S ST ¥

L no | sin’ esing
2 sin r i

Let o = & esing ,then g _ asina
A Pt

SIn
n

. . . o
Since « is very small and n is very large so — Is also very
n
small.

Therefore, sin% ~¢

n n

Thus, R = —ai“a _Dasing _ Asing whereA = an

o o

n
Now the intensity is given as
A%sin? o sina
[0 R?Z = 1=KR2 = | =K = where 1 =ka
o’ 0 ? 0

Condition for Central /principal maxima:

When o = 0,
T . .

= ~esind =0 =sinb =0
A

=0=0

Thus, the condition for principal maxima will be obtained at
6 =oposition for all the rays of light.

Position for/Condition for minima:
The minimum will be obtained when sino = 0 = sin(xmn)

= sina. =sin(+mm)



=0 =+mTm

= I esin® = +tmn
A
— esind =+mx  Where m=1234.....

:G:im

e
A A

. . LA
Thus, the minimas are obtained at £~ 2= 3= +4~
e e e e

Position/Condition for secondary maxima:

The maxima“s occurring in between two consecutive secondary
maxima is known as secondary maxima.

The positions for secondary maxima will be obtained as

dr
do

=0
d [ sin2al

T 5 |=0
docl—IO o’ J

— 2] sina [a coso —sina |

° o ||_ o’ U_

0

0L COSOL —Sina =0

(12

= a.cosa. —sina =0

= o =tana

This is a transdectional equation.It can be solved by graphical
method. Taking y=a and y=tana,where the two plots are
interests, this intersection points gives the position for secondary
maxima. Thus the secondary maxima“s are obtained at

3n om in
a="",0="",0="

2 2 2



From the expression for amplitude we have

i 3 5 7 —|
R =Asina :é[a+a—+a—+a—+ .............
a o 31 51 7 J
A [ o aof ] _
——xoc[1+—+—+ ................ j:A’ since a «« 1
o 31 5

- 2 sz(3_n)
For(F_,Il:IoSl(;lOt:IO - :2'02
2
Foro=5" ,| =| Sin® =g ﬁ:)zlo andsoon ......
, 2 07 3 (575) 62
\2)

Intensity distribution curve:

The graph plotted between phase difference and intensity
of the fringes is known as intensity distribution curve. The
nature of the graph is as follows:
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Intensity distribution curve

From the nature of the graph it is clear that

1. The graph is symmetrical about the central maximum
2. The maxima are not of equal intensity

3. The maxima are of not equal width

The minima are of not perfectly dark

PLANE TRANSMISSION GRATING:

It is an arrangement consisting of large no.of parallel slits
of equal width separated by an equal opaque space is known as
diffraction grating or plane transmission grating.

Diffraction
grating

[l[’ M\WJ .

Construction: can
constructed by drawing a large no. of rulings over a plane
transparent material or glass plate with a fine diamond point.




Thus the space between the two lines act as slit and the opaque
space will acts as obstacle.

N.B.Though the plane transmission grating and a plane glass
piece looks like alike but a plane transmission grating executes
rainbow colour when it exposed to sun light where as a plane
glass piece does not executes so.

Grating element:

The space occurring between the midpoints of two
consecutive slit in a plane transmission grating is known as
Grating element. It can be measured by counting the
no. of rulings present in a given length of grating.

Let us consider a diffraction grating having

e = width of the slit

d = width of the opacity
If “N” be the no. of rulings present in a given length of grating
“x” each having width (e+d), then

N (e+d) = x

= (e+d)= % = Grating element

(& qm C\"‘\“ %

T

B

e r""‘ﬂ o lrmae ni

Sy 'ﬁ(& _(,wa

\ XA)=
eiz =

S

2

|

For example if a grating contain 15,000 lines per cm in a grating
then the grating element of the grating

Grating element, (e+d) = $20.00016933 cm

Diffraction due to plane transmission grating /Fraunhoffer
diffraction due to N-parallel slit:

Let us consider a plane wave front coming from an infinite
distance is allowed to incident on a convex lens “L” which is

0



placed at its focal length. The rays of light which are allowed to
incident normally on the lens are converged to a point “Py”
forming central principal maxima having high intensity and the
rays of light which are diffracted through an angle are “0” are
converge to a point “P1” forming a minima having less intensity
as compared to central principal maxima. Again those rays of
light which are diffracted through an angle “0” are undergoes a
path difference and hence a phase difference producing
diffraction.

Let AB- be the transverse section of the plane transmission
grating

ww - be a plane wave front coming from infinite distance

e = width of the slit

d = width of the opacity

(e+d) = grating element of the grating
N = be the no. of rulings present in the grating
Now the path difference between the deviated light rays is

SoK = 5152816 = (e +d)Sin®



Therefore, Phase difference = & x S K = 2T (e + d)Sind =2p (say)
M A

where B =i(e+d)8ine

Now the resultant amplitude due to superposition of “N” no .of
waves coming from “N” parallel slit is given as

R ASinoc SinNB
o Sinf
and intensity IS given as
2 2 2 Sin“a Sin®NB Sin%a, Sin?NB

loR = 1=KR =KA

o sin?p " a? sin’p
where 1, Si”z"‘ =this is contributed due to diffraction at single slit
a

and Sé?;ZNBB = this is contributed due to interference at ” N”

parallel slit

Position for central principal maxima /condition for central
principal maxima:

The principal maxima will be obtained when

Sinf} =0 = Sin(zmn)
=B =tmn

=T e+ d)Sing = tmn
A
= (e+d)SinO =+mA

where m=0,1.23.... .This is called grating equation or condition
for central principal maxima.

Position for minima /condition for minima:

The minima will be obtained when



SinNB =0 = Sin(tnm)
= NB =4n=n

= NE (e+d)Sin =+nm
A
= N(e+d)Sin =+£nA

Where n can take all the values except n=0+N+2N+3N,.........

This is the condition for minima due to diffraction at N-parallel
slit.

Position/Condition for secondary maxima:

The maxima“s occurring in between two consecutive secondary
maxima is known as secondary maxima.

The positions for secondary maxima will be obtained as

ar_yg
do

d [ SinZo Sin?Np |
ol Sin7p | ~°
docL * a?
Sin%o. Sin NP [ N .cos Nf sin 3 —sin NB cos B |

:>2I0a—2 Sinf3 L sin? B JZO

N N cos N3 sin 3 —sin N3 cos B =0
sin® B

= NcosNBsin3 —sin N[ cos 3 =0 = N cos NP sin 3 =sin N3 cos
= NtanNB =tanNf

This is a transdectional equation. It can be solved by graphical
method. Taking y=tanng and y=nNtanNg ,where the two plots are
interests, this intersection points give the position for secondary
maxima.Thus the secondary maxima®“s are obtained at

pSE g Mg _Tm

2 2 2



Intensity distribution curve:

The graph plotted between phase difference and intensity
of the fringes is known as intensity distribution curve. The
nature of the graph is as follows:

Characteristics of the spectral lines or grating spectra:

1.The spectra of different order are situated on either side of
central principal maximum

2.Spectral lines are straight and sharp

3.The spectra lines are more dispersed as we go to the higher
orders.



4.The central maxima is the brightest and the intensity decreases
with the increase of the order of spectra.
Missing spectra or Absent spectra:

When the conditions for minima due to diffraction at
single slit and condition for central principal maxima due to
diffraction at N-parallel slit is satisfied simultaneously for a
particular angle of diffraction then, certain order maxima are
found to be absent or missed on the resulting diffraction pattern
which are known as missing spectra or absent spectra.

Condition for Missing spectra:
We have,

The condition for central principal maxima due diffraction at N-
parallel slit

(e +d)Sin® =tmA

esin® =+ni

- (e + d)Sin6 _m_k m

esind nA. n

Special case:

1.1f d=e¢, =M _2=m=2n where n=123,....
n
I.e second order or multiple of 2 order spectra will found to be
missed or absent on the resulting diffraction pattern.
2. 1f d =E,:>T=E:>m=1.5n ~1
2 n 2

I.e First order spectra will found to be missed or absent on the
resulting diffraction pattern.

3. If ezi,:T:3:>m:3n

2 n



I.e Third order spectra or multiple of 3 spectra will found to be
missed or absent on the resulting diffraction pattern.

Dispersion:

The phenomenon of splitting of light wave into different order
of spectra is known as dispersion.

Dispersive power:

The variation of angle of diffraction with the wave length

of light is known as dispersive power. It is expressed as a9
da

Where d6 =6,-6, = difference in angle of diffraction and
dr =, —A,=difference in wave length of light

Expression for dispersive power:

We have

(e +d)Sin® = tmA

i [(e +d)Sin® = +m)] = i(mx)
da d

= (e+d) d_(iine): m I
dr dr

= (e+d)cosd do =m
dA

do — m
: —
dr  (e+d)cosO
= do am
dA

(e+d)

cosO



Determination of wave length of light using plane
transmission grating:

To determine the wave length of light let us consider a
plane transmission grating with its rulled surface facing towards
the source of light perpendicular to the axis of the spectrometer.
The parallel beam of monochromatic light coming from source
is allowed to incident on the transmission grating which are now
defracted by different angle of diffraction.Rotating the telescope
for different positions of the defracted ray the angles are
measured.

Using the grating equation ,
(e+d)Sin® =+mA
_ (e+d)Sin@

= A=
m

We can calculate the wave length of the monochromatic light.



MODULE-II

VECTOR CALCULUS

The electric field (E), magnetic induction(®), magnetic intensityH),
electric displacement(dy, electrical current density(), magnetic

vector potential (A) etc. are, in general, functions of position and time.
These are vector fields.

Scalar quantities such as electric potential, electric charge density,
electromagnetic energy density etc. are also function of position and
time. They are known of as fields.

Time Derivative of a Vector Field

If At) »time dependent vector field, then the Cartesian coordinates
A(t) =iA, (1) + JA, (t) + KA, (t)

dA_-A ), i oA (H) LKA
dt ot ot ot

Notes: i(z\x §)=Axd_B+(d_A)x§
dt dt  dt

Gradient of a Scalar Field

The change of a scalar field with position is described in terms
of gradient operator.

grad(v)=w =i & 7V Y
OX oy 0z
RN Y :
Where V=i _+ j_+k__ is del operator or nabla

ox oy oz
vV is a vector. The gradient of a scalar is a vector.

Divergence of a Vector Field




The divergence of a vector field Ajg given by

A A ~ A A 8 A
> 2= : + jQ +k Q).(iA + A +kA):(8A‘+ Ay+kaAZ)
V.A X y z

ox oy oz ox oy oz

Divergence of a vector field is a scalar.

Notes:

> o o

» V.(A+B)=V.A+V.B

> V.V A) = (V). A+V (V. A) where V is a scalar field

> If the divergence of a vector field vanishes everywhere, it is
called a solenoidal field.

» Divergence of a vector field is defined as the net outward flux of
that field per unit volume at that point.

Curl of a Vector Field

The curl of a vector field is given by

Lo [ K s 8A oA 0A, ~0A, OA,
X —I(a a)+J(a a)+(a‘ )
P g g Y VA VA X X 6y
ox  OX  OX

> Curl of a vector field is a vector
> If V is a scalar field, Aand B are two vector fields, then

e e

%X(K-ﬁ- B) =Vx A+ Vx B
%x(V —A>) = (—%V)x _A)+V (GX A—:)
> If curl of a vector field vanishes, then it is called an irrotational
field.

Successive Operation of the i operator



i)  Laplacian
-> o ~ 0 ~ 0 ~ 0 ~0 ~ 0 ~ 0 82 62 62
vxV=(( _+j_ +k )i _ +j_ +k )=+ _+
v = OX Jay oz ( OX Jay az) ox oy o7
- 2 82 82 82
=V =—+—+—
ax ay az

This is called Laplacian Operator

ai)  Curl of gradient of ascalar
N VoV

VV =i + ] +k
X oy 0z
Where V is lar field
Vx<VV>—|[<éa)(S‘&ﬁ— o vy, =D =D
oy oz (a_z)( o J[(a_z)(a_x X oz X oy oy ox
Pk
.‘.ﬁx(ﬁv):g o 9
OX OX OX
N v NV
OX OX OX
=Vx _ SV AV AV AV Y
(W):i(ayaz_azay)+ j(azax_8xaz)+k(axay_8y6x):

Thus Curl of gradient of a scalar field is zero.
Note:

e Ifvxa=0, then Acan be expressed as gradient of a scalar
field i.e. A=vv

e Conversely if a vector field is gradient of a scalar then
its curl vanishes.

giiy  Divergence of Curl of a VVector Field
S s oA, OA <0A OA, ~OA, OA,
va=i(ay— )+ =) k(=)

0z 0z 0OX oX ¢
W o R0 TRa A8 ~oA, oA, A

oA, ~0A, OA,

V-VxA=(l ] )[(( J( ——)+k(—-_ )l
I Y aA 5 %VA %Z o%n, Pon, X O
= V.VxA= 5 (8_ e (. 8_)

—> - —A> aXA yaz ayz aziy %A 8)52 az aﬁﬁ y

OX0y OXoz 8yaz ayax azax ozoy



- o> o

=V.VxA=0

I.e. divergence of curl of a vector is zero.

Conversely, if the divergence of a vector field is zero, then
the vector field can be expressed as the curl of a vector.

(iv)(iv)  VxVxA=V(V.A)-V2A

> o> o e e T T

(V)(v) V.(AxB) =B.(VxA)-A.(VxB)

Line Integral of a Vector
The line integral of a vector field between two points a and b,

along a given path is

- >

N =!A.d|

dl > elemental length along the given path between a and b.
The line integral of a vector field is a scalar quantity.

I, =] (A + JA +KA).(idx+ jdy +kdz) = [ (Adx+ Ady + A,dz)

Notes:
> If the integral is independent of path of integration between a
and b, then the vector field is conservative field.

» The line integral of a conservative field A along a closed path
vanishes

Le.[[ad =0
> In general, the line integral depends upon the path between a
and b.

Surface integral of a Vector
The surface integral of a vector field A, over a given surface s is

| = [ Ads
S

Where ds —elemental area of surface S



The direction of dsis along the outward normal to the surface.

Writting ds=n'ds, where n" is unit vector normal to the surface at a
given point.

So I.= _[ A.ds = _[ A.n'ds = I Ads
S S n

where A — A, normal to the component of the vector at the area
element.

So, surface integral of a vector field over a given area is equal to
the integral of its normal component over the area.

Surface area of a vector field is a scalar.

- >

Example: . =JE.ds

Volume integral of a Vector
The volume integral of a vector field Aover a given volume V is

I\,:J:Adv

Where dV is the elemental volume (a scalar)
Volume integral of a vector field is a vector.

Gradient, Divergence and Curl in terms of Integrals
The gradient of a scalar field ¢ is the limiting value of its surface

integral per unit volume, as volume tends to zero

i.e.v = lim $¢ds
av—0 AV

The divergence of a vector field A is the limiting value of its
surface integral per unit volume, over an area enclosing the
volume, as volume tends to zero.

- >

NN A.ds
A A= lim 2
a0 AV
The curl of a vector field is the limiting value of its line integral

along a closed path per unit area bounded by the path, as the area
tends to zero,

Ax A= lim £A.dI
As—0  AS
wheren is the unit vector normal to the area enclosed.



Gauss Divergence Theorem

The volume integral of divergence of a vector A over a given
volume V is equal to the surface integral of the vector over a closed
area enclosing the volume.

Jvi;{dv - [g/i.ds?

This theorem relates volume integral to surface integral.
Stokes Theorem

The surface integral of the curl of a vector field A" over a given
surface area S is equal to the line integral of the vector along the
boundary C of the area

I(Gx A).dS = [pA.df
For a closed surface C=0. Hence surface integral of the curl of a
vector over a closed surface vanishes.
Green’s Theorem
If there are two scalar functions of space f and g, then Green®s
theorem is used to change the volume integral into surface integral.
This theorem is expressed as

J(fvzg-gvzf)dv =i(ng—gi)dS

V- volume enclosed by surface S.

Electric Polarization ( P)

Electric polarization p is defined as the net dipole moment ( p)
induced in a specimen per unit volume.

Tl
Il
<|loc!

Unit is 1 coul/m?
The dipole moment is proportional to the applied electric field.

So p=aE, a — proportionalityconstant, knownas polarizability



If N is the number of molecules per unit volume then polarization
IS given by
B: NOLE .
Electric Displacement Vectoro
The electric displacement vector Dis given by

- - -

D=P+g, E (1)

where is the P - polarizationvector
Unit of p _,1 2MPerexsec
m

2

In linear and isotropic dielectric,

Comparing equations (1) and (2), we get
o6 E = Pre, E

=P=¢g,(¢, -1)E

Electric Flux (@g)

The number of lines of force passing through a given area is known as
electric flux.
It is given by

. 2
Unit of flux-2Nxm
Coul

Gauss’ L aw in Electrostatic:
Statement: The total electric flux (¢e) over a closed surface is equal to

1 times the net charge enclosed by the surface.
€

- -

¢e = E.ds =T
3 €0

Here S is known as Gaussian surface.



In a dielectric medium Gauss* law is given by
¢ =[ E.dS = e
S €

e - Permittivity of the medium.
In terms of displacement vector Gauss* law is given by

e =[ D05 = g
S

Notes:
» The charges enclosed by the surface may be point charges or
continuous charge distribution.
» The net electric flux may be outward or inward depending upon
the sign of charges.
» Electric flux is independent of shape & size of Gaussian
surface.
» The Gaussian surface can be chosen to have a suitable
geometrical shape for evaluation of flux.
» Limitation of Gauss*™ Law
(a) Since flux is a scalar quantity Gauss™ law enables us to find
the magnitude of electric field only.
(b)The applicability of the law is limited to situations with
simple geometrical symmetry.

Gauss’ L aw in Differential form

Gauss“ law is given by

For a charge distribution

Qet = V[ pdVv where p — volumech arg edensity

Using Gauss divergence theorem

- - - >

@E.ds = [v.Edv
Y

- >

1
>0 Jpav ~[v.Edv
\

8OV



p
Or v[(V.E_S—)OlV=0

=  VE-
This is the differential form of Gauss™ law.

Magnetic Intensity (H) and Magnetic Induction (8)
The magnetic intensity (H)is related to the magnetic field induction

(8) by

()=

Unit: in SI system (J) IS in amp/m and (E:) in tesla.
Magnetic Flux @)

The magnetic flux over a given surface area S is given by

(om) =JE.JS = J BdS cosa

where o — angle between magnetic field B and normal to the surface
Unit of flux: 1 weber in Sl
1 maxwell in cgs(emu)
So 1T=1 weber/m?
1 gauss= Imaxwell/cm?

Gauss’ Law in magnetism
Since isolated magnetic pole does not exist, by analogy with Gauss*

law of electrostatics, Gauss™ law of magnetism is given by
@ B.dS =0
Using Gauss divergence theorem
@B.ds =JV.B dv =0
= V—>I§= 0
This is the differential form of Gauss* law of magnetism.
Ampere’s Circuital law



Statement:-The line integral of magnetic field along a closed loop is
equal to potimesthenetelectriccurrentenclosedbyloop.

[P_B)(;I = Lol

Where | — netcurrent enclosed bythe loop

c —»closed path enclosing the current (called ampere loop).

In terms of magnetic intensity
@ﬁ& =1

Ampere’s Law in Differential form

Ampere*s law is

[1]5.(5 = ol (i)

Using Stoke*s theorem, we have

> o >

@E.cﬁ - [(vxByds (ii)

In terms of current density J

ol = pio iid_s’ (iii)

Using (i) and (iii) in equation (i) we have
[(V5B).ds = o [ 2.0 = [ (10 3).0

-

= VxB=p, J
This is Ampere®s circuital law in differential form.

Faraday’s L aw of electromagnetic induction



Statement :-The emf induced in a conducting loop is equal to the
negative of rate of change of magnetic flux through the surface
enclosed by the loop.

0 .
_ % (i)
ot

€ -

The induced emf is the line integral of electric field along the loop.
8=@E&
The magnetic flux is

—

(I)m :Ig.ds
S

So from the above

__ 0 P
Dc‘jE.dT_ a‘l‘ﬁ.ds

This is Faraday™s law of electromagnetic induction in terms of and

—

B

Differential form of Faraday’s L aw

Now using Stokes* theorem

@—)
J.at .ds

S



or [ +% "-o
Vx E ).ds
ot

S

> > 9B
= VxE+——=0
ot

This is differential form of Faraday*s law electromagnetic
induction.

Equation of Continuity

The electric current through a closed surface S is
' :[p\].ds
Using Gauss divergence theorem

|: *)*)_ *)*)dv --------------------- i
[!]J.ds—va.J (i)

Where S is boundary of volume V.

Now I= _E — rate of decrease of charge fromthevolumethroughsurface S
S Y VA LV — (i)
ot yot

This is equation of continuity.

Displacement Current



Maxwell associated a current (known as displacement current) with
the time varying electric field.

A parallel plate capacitor connected to a cell is considered.
During charging field € between varies.

Let g— instantaneous charge on capacitor plates.
A— area of each plate
We know that the electric field between the capacitor plates is

E=
&A

dE _ 1 dq

dt g A dt

AJE _dg

= R Ot

= Iy :goAd—E

o where I, —displacement current between the plates

lqexists till E'varies with time.

In general, whenever there is a time-varying electric field, a
displacement current exists,

|d=80 ﬁ E_d_é:g()%
0 ot

Where ¢ is electric flux.

Modification of Ampere’s circuital law

Taking displacement current into account Ampere*s Circuital law is
modified as

@E(ﬁ=po(l+ld)



This law is sometimes referred as Ampere- Maxwell law.

The corresponding differential form is given as,

ok
Here ¢ _=Jd —> displacement current density
° ot

Distinction between displacement current and conduction current

Conduction current Displacement current
(i) Due to actual flow of| (i) Exists in vacuum or any
charge in conducting medium even in absence of
medium. free charge carriers.
(if) It obeys ohm™s law. (i) Does not obey ohm*s law.
(iif)  Depends upon V and R (iii) Depend upon c and S

Relative magnitudes of displacement current and conduction current

Let E = EqSinot —»alternating field
Then current density

J =oE =oEsSinot ————————— (i)
Displacement current density

0 .
J =g OE__ ~ (E Sinot)=0t E Cosmt ————————— (ii)
d 0 At oar O 0 0




Thus there is a phase difference ofXbetween current density and
displacement current density.

The ratio of their peak values

(J) cE c

sy 0 =
(Jd )max (,OSOEO ®Eeo

It means this ratio depends upon frequency of alternating field.

Notes:

: . 19
e For copper conductor the ratio is ~ 10

(Q]
e For >10%° Hz, displacement current is dominant. So normal

conductors behave as dielectric at extremely high frequencies.

Maxwell’s Equations
The Maxwell*s electromagnetic equations are

VD=p e (1)

P O — )

- - ag

xgE=-—o TTTEEEEmETmEEEETT T T 3
= 3)

wh Py e 4)

Notes:

» Equation (1) is the differential form of Gauss™ law of

electrostatics.
» Equation (2) is the differential form of Gauss™ law of

magnetism.
» Equation (3) is the differential form of Faraday“s law of
electromagnetic induction.



> Equation (4) is the generalized form of Ampere®s circuital law.

» Equations (2) and (3) have the same form in vacuum and
medium. They are also unaffected by the presence of free
charges or currents. They are usually called the constraint
equation for electric and magnetic fields.

» Equations (1) and (4) depend upon the presence of free charges
and currents and also the medium.

» Equations (1) and (2) are called steady state equations as they do

not involve time dependent fields.

Maxwell’s Equations in terms of E and B

V.E:‘Q

Maxwell’s Equations in Integral Form

> - 1
[PE.dS=—deV
8O



- — a - =

lE dl =-— ! B.dS (3)
- - - 8E -

[Bal=p]@ +ay5hdS (4)

Physical Significance of Maxwell’s Equation

(1)

(i)
(iii)
(iv)

(v)

Maxwell equations incorporate all the laws of
electromagnetism.

Maxwell equations lead to the existence of electromagnetic
Waves.

Maxwell equations are consistent with the special theory of
relativity.

Maxwell equations are used to describe the classical
electromagnetic field as well as the quantum theory of
interaction of charged particles electromagnetic field.
Maxwell equations provided a unified description of the
electric and magnetic phenomena which were treated
independently.

Electromagnetic Waves

Wave Equation of electromagnetic wave in free space

In vacuum, in absence of charges, Maxwell“s equations are

VE=0 e 1)
V.B=0 e (2)



- —>__aB --------------
VxE
ot
> o 0B
:Mg --------------
VxB

OOE

Taking curl of equation (3)

Using equation (4)

> o> > 0 aE aZE
VXVXE =—— — ) =—gopo ——
xVx P (eopo p ) =—¢€ollo pve
> o> > 27 82 E
. - - > vz - 62 E
Sincev(v.E) =0, E = gopo —
ot
Taking €o Ll :Ciz,where ¢ — velocity of light
’ — 1 82 E
Wehave VYV E=——
cc ot
This is the wave equation for g .
Now taking curl of equation (4)
> o > o — -
VxVx B =gopo — (VX E)
ot
Using equation (3)
oo o o 0B B
VxVxB = égoplo — (— —) = —€oplo ——
XV X €ollo 8t( at) oo o
> o> o 27 82 B

= V(V.B)-V B=-topo —
(V.B) oo —3



Since ., , ., = vlo=gpu 0°B
VIVE) 0 B T

Taking Eollo = Ciz,where ¢ —> velocity of light

Wehave v2.-1¢8B
B EW
This is the wave equation fors'.

The general wave equation in vacuum can be written as

5 a4
szi
c® ot?

—

Where Y=E or B

For charge free non-conducting medium, the general equation will be

5 a4
szi
Vel

e = iz,where v — velocity of light in mediumS
Vv

Magnetic Vector Potential

The vector potential in a vector field is defined as when the
divergence of a vector field is zero the vector can be expressed as the
curl of a potential called vector potential (A ).

We knowthat v.e-o (Maxwell equation)

Then B=vxA (asdiv.ofcurl of avector is zero)

The vector ais called magnetic vector potential. The vector A can be
chosen arbitrarily as addition of a constant vector or gradient of a
scalar do not change the result.

Scalar Potential



The scalar potential in a scalar field is defined as when the curl of a
field is zero the vector can be expressed as the negative gradient of a
potential called scalar potential (¢ ).

Wehave -~ -_ 4B (Maxwell“s equation 3)

VxE: N
ot

Puttinge=vxA in above we get

- o - -

xE=——(VxA
at( )

<

.
+2%|:O
]

We know that curl of grad of a scalar is zero. So we can write

E+ % — Vo whered isascalar functioncalled thescalar potential .

o . oA
For atimeindependent field WZO’ SO

E=-V¢ hered —»electrostatic potential

Wave equation in terms of scalar & vector potential

Let us consider the Maxwell*“s equations,

In free space and absence of
charge

oR
o

Writing E=-V¢-— . A — vector potential



We have

( oA _
|—V¢—ﬂ_|—0

S
V2p+ = (V.A\=0
or ¢+8t( )

VE=V.

Using Lorentz gauge condition

=~ 1%
VA=-—2"=
¢ o
. 10%
Wehave V¢—-_ =0
¢ o

This is the wave equation in terms of scalar potential.

Putting E=-V¢ —%

ot
B=VxA (in equag'io\o? (2) we get

vx(vxa)=c pu & —vp- A
0 08t| ot
\ )
:>Y. Y.a 2H 0 A
% 'A)‘V A= eopo (V) - oo 37
= v'v o) A EA

7| A+eomo ot )=V27ﬂ\—80u0 ot

The LHS vanishes by Lorentz gauge condition.

0> A

So VA _g oy —
oo P

=0
This is the wave equation in terms of vector potential.

Lorentz gauge potential

V2E+ 1 9 =0 (Lorentz gauge condition)
¢’ ot
V.A=0 (Coulomb gauge condition)

Transverse nature of elecromagnetic wave



The plane wave solutionof waveequation for E and B are
E(rt)=eEe ™) ———moam 1)

B(F.t) =B oo @

where e,b — unit vector along E and B respectively.
E,, B,— amplitudes of E and B respectively.

k — wave propagationvector
® — angular frequency

Using v.E=oin equation (1) we have
g_[éEoei(k‘.r'—mt) } -0

= e T B |+ TA e <0

{as“V.(V?\) - (Vv )Asv va}
Since & - constant, v.é=0

eV| B |=0
or ek gl =0
Since Eg =0, €'®V %0,

ek=0 —————————— 3)
This shows the transverse nature of electric field.
Similarly, from Maxwell“s equation
V.B=0
We have
V| B0 | =0

N B.V[Boe‘ Kr-ot) —|J+ vh [Boei(kirmt) ]: 0

Since b — constant, v.b=0



b.v| B |=0
0 |

or b.ikB,ed =0
Since Bo #0, € %0,

bk=0 —————————— (4)
This shows the transverse nature of magnetic field.

Mutual orthogonality of E, B and k

Now from Maxwell*s 3" equation we have

ex [éEOei(kiert) 1=- i[ljB gikr-ot) ]
o 0 . (5)

Using Vx(AV) =V (Vx A)+(VV)x A, We have
VX[EE, ™00 ] = E_eF700 (Vx &) +[V(E 24 )]x 6
Since e is a constant unit vector, (vxe)=oand
We g6t e )= E ks

VX[BE, € 00] = E ke ) x 6 = E je" 0 (K x 6)

Now s_t[BBOe“k'-f'w‘)] - 6B, a_at {e*} = BB ¢ (<ico)
Then from eqn. 5

Eyie“ Y (K x e) = ~bB e"“ ) (~ico) = bB jiwe™ "

— Eo(K x€) =bBow

= (kx8) = 2®p

E,
So b is perpendicular to bothkand €.

Thus electric field, magnetic field and propagation vector are
mutually orthogonal.



Relative magnitudes of E and B

Now taking magnitudes

- FO_“)U
Eo

‘(kx €)

=__ =" =C, wherec—velocity of light

Cc=

|/ Ho€o

Now using Bo = poHo

= pC=p -
= HoC = Hyg
F'; JHo€& & ’

The quantity z,has the dimension of electrical resistance and it is
called the impedance of vacuum.

Phase relation between E and B

In an electromagnetic wave electric and magnetic field are in phase.

Either electric field or magnetic field can be used to describe the
electromagnetic wave.

Electromagnetic Energy Density

The electric energy per unit volume is
uE=E§.5=_sE2 ________ (1)

2 2
The magnetic energy per unit volumeis

12~ 1
U ="BH="uH?2 ________ 2
5 =5 2“ (2)



The electromagnetic energy densityis givenby

Uem = %(8 E* +uH?)
Invacuum

—1 2 2
Ugp _E(SOE + o H?)

Poynting Vector

The rate of energy transport per unit area in electromagnetic wave is
described by a vector known as Poynting vector (s) which is given as

w !

Ex
u)

S=ExH =

Poynting vector measures the flow of electromagnetic energy per unit

time per unit area normal to the direction of wave propagation.

Unit of -~ 1% insr.

S

m2

Poynting Theorem

We have the Maxwell equations

> > >

LHS = V.(ExH)



> 9B - o(uH) o pH?

H.—=H.
ot ot ot 2

Similarly

- 65 - ey @ eE?
20 _;oeB) 0
ot ot ot 2

Then from (iii)

V.ExH)=——(—+ )-E.J
( ) Gt( 2 2
o2 OUgy 27 E2 uH?
= V.S=—"F"-E.J ExH=S and u _¢8E" MU
as EM +

2 2

This is sometimes called differential form of Poynting theorem.

Taking the volume integral of above
> > auEM - =
JV'S av :_‘[—a—dv -[EJdv
\Y

Using Gauss divergence theorem to LHS we have

- >

— — au
S.dA=—-| =M _
[/[] J el V[E.Jdv

This represents Poynting theorem.

LHS of the equation — rate of flow of electromagnetic energy
through the closed area enclosing the

given volume

1% term of RHS — rate of change of electromagnetic energy in
volume

1%term of RHS — work done by the electromagnetic field on the
source of current.



Thus Poynting theorem is a statement of conservation of energy in
electromagnetic field.

In absence of any source, J=0
then = =+ e =0

V.S
ot

This is called equation of continuity of electromagnetic wave.

Poynting Vector & Intensity of electromagnetic wave

Since E and H aremutually perpendicular

—

EB
S

=EH =—
u

Here E and H are instantaneous values.

Since Eand H arein phase
E_E -
H H,
EZ
e
If E = Eg sinot, thenaveragevalueof Poynting vector is

or S

2 ain?
<S>:<E° l wt>: E; as<sin2(ot>:£
e 2C 2
- —CSES _ o2 c .
S _—_ E as rmSZi
< > 2 C Eips \/E

The average value of Poynting vector is the intensity (1) of the
electromagnetic wave,

| =(S )=ceE?,,



MODULE-4

QUANTUM PHYSICS

Need for quantum physics: Historical overview

> About the end of 19™ century, classical physics had attained
near perfection and successfully explains most of the observed
physical phenomenon like motion of particles, rigid bodies, fluid
dynamics etc under the influence of appropriate forces and leads
to conclusion that there is no more development at conceptual

level.



> But some new phenomenon observed during the last decade of
19™ century which is not explained by classical physics. Thus to
explain their phenomena a new revolutionary concept was born
which is known as Quantum physics developed by many
outstanding physicists such as Planck, Einstein, Bohr, De
Broglie, Heisenberg, Schrodinger, Born, Dirac and others.

> The quantum idea was 1% introduced by Max Planck in 1900 to
explain the observed energy distribution in the spectrum of
black body radiation which is later used successfully by Einstein
to explain Photoelectric Effect.

» Neils Bohr used a similar quantum concept to formulate a model
for H-atom and explain the observed spectra successfully.

» The concept of dual nature of radiation was extended to Louis
De Broglie who suggested that particles should have wave
nature under certain circumstances. Thus the wave particle
duality is regarded as basic ingredient of nature.

» The concept of Uncertainty Principle was introduced by
Heisenberg which explains that all the physical properties of a
system cannot even in principle, be determined simultaneously
with unlimited accuracy.

> In classical physics, any system can be described in any
deterministic way where as in quantum physics it is described
by probabilistic description.

» Every system is characterized by a wave function y which
describes the state of the system completely and developed by
Max Born.

» The wave function satisfies a partial differential equation called
Schrodinger equation formulated by Heisenberg.

» The relativistic quantum mechanics was formulated by P.A.M.
Dirac to incorporate the effect of special theory of relativity in
quantum mechanics.

In this way, this leads to the development of quantum field
theory which successfully describes the interaction of radiation



with matter and describes most of the phenomena in Atomic
physics, nuclear physics, Particle physics, Solid state physics
and Astrophysics.

The Quantum Physics deals with microscopic phenomena
where as the classical physics deals with macroscopic bodies.
All the laws of quantum physics reduces to the laws of classical
physics under certain circumstances of quantum physics are a
super set then classical physics is a subset.

I.e., limn—o Quantum physics = Classical physics

lim Classical physics = Quantum physics

n—oo



PARTICLE ASPECTS OF RADIATION

The particle nature of radiation includes/are exhibited in
the phenomena of black body radiation, Photoelectric effect,
Compton scattering and pair production.

Matter waves and De-Broglie Hypothesis

The waves associated with all material particles are called Matter

Wwaves.



According to De-Broglie hypothesis, the wavelength A of
matter wave associated with a moving particle of linear momentum P

IS given by

or, |5 =

For a non-relativistic free particle of kinetic energy E, we have

PZ
om

=P= «/ZmE

h

JZmE

E

S =

If g=charge of a particle
m=mass of the particle

V=potential difference

2
Then, ZP_ =qv=>P :«/2mqv
m

h

J2mav

If T=absolute temperature, then

Sh =

2
P 3T = poamkT
2m 2

h

\J3mkT

For a free relativistic particle,

=> A=




A= [E7 - mgcZ

* Experimental confirmation of matter wave was demonstrated by
Davision-Germer experiment.
* The wave nature of electron was demonstrated by division and
Germer.
Transition from deterministic to probabilistic

In classical physics, the physical properties of a system can be
specified exactly in principle. If the initial conditions of a system are
known, its subsequent configurations can be determined by using the
relevant laws of physics applicable to the system. Thus classical
physics is deterministic in nature. But this deterministic description is
inconsistent with observation. In quantum mechanics every physical
system is characterized by a wave function which contains all the
information®s for the probabilistic description of a system. This
probabilistic description is the basic characteristic of quantum physics
and is achieved by the wave function.

Wave function

e The state function which contains all information*s about a
physical system is called wave function y (r.t).

o [t describes all information™s like amplitude, frequency,
wavelength etc.

e Itis not a directly measurable quantity.

e It is a mathematical entity by which the observable physical
properties of a system can be determined.

Characteristics

e |[tisa function of both space and time co-ordinate.
l.e.y (F,t) =y (X, Y,zt)
e [tisacomplex function having both real and imaginary part.



e [tisa single valued function of its arguments.



e The wave function y and its first derivative % are continuous at
X

all places including boundaries.
e [t isa square integrable function i.e.y|?dv=1.

e The quantity jy|?represents the probability density.
o [t satisfies the Schrodingers equation.

Superposition principle

This principle states that “Any well behaved state of a system can be
expressed as a linear superposition of different possible allowed states
in which the system can exists.”

If yiyays....0e the wave functions representing the allowed states,
then the state of the system can be expressed as

Y =Y1HY2 tYat Y0 =D CWn

Probability density

The probability per unit volume of a system being in the state v is
called probability density.

Le.p=fyf

As the probability density is proportional to square of the wave
function, so the wavefunction is called “probability amplitude”.

The total probability is,
_[pdv = .[h/ |2dv =1

As the total probability is a dimensional c(}uantity, so it has dimension
[L-*1and the wavefunction has dimension " - 7
L L /2 I

-1
e Dimension of 1-D wave function ierL /2].



e Dimension of 2-D wave function is[l_-l].

Observables

The physical properties associated with the wave function provides
the complete description of the system state or configuration are
called observables.

EX: energy, angular momentum, position etc.

Operators

The tools used for obtaining new function from a given function are
called operators.

If Abe an operator and f(x) be a function, then Afx)=g(x); g(Xx)=new
function

Ex: energy operator, momentum operator, velocity operator etc.

Physical Quantity Operator
Energy-E m%
Momentum- p —inv
Potential Energy(V) V
Kinetic Energy( p%m) _Z%ZVZ

Eigen States:

The number of definite allowed states for the system are called
eigen states.

Eigen Values:




The set of allowed values of a physical quantity for a given
system is called eigen
values of the

quantity.

For any operator Ahaving eigen values o;corresponding to the eigen
states yi the eigen value

equation is |Ayi = aiyi

Expectation VValues:

The expectation values of a variable is the weighted average of the
eigen values with their
relative

probabilities.

If q:1,92.0s.....are the eigen values of a physical quantity Q and they
occur with probabilities

IS

Q)= POt P 2. Poll
P14+ p2+.... Z P,

Since the total probability is 1, sO p,+p,+p; +.....=1

Q)= sty + Pl +-o= Y, Pl

In general if A be a physical quantity, then
(A= Jay Fav

:Iw*aw dv

E)
Il
£

<A>:[\|1*A|Jdv




For normalized wave function.

* For any function to be normalized is given as

2

Jy (r)| av =1

* The expectation value of energy,

<E>:Iw*ﬁwdv :Iw*(ih{%)wdv

. . OY
=ih dv
Mo

Schrodinger s Equation:-

The partial differential equation of a wave function involving the
derivatives of space and time coordinates is called Schrodinger equation.

Time-dependent Schrodinger equation

Let the wave function be represented by

v (X,t) — Agiteot)
ja—‘ﬂ :ikq/,&—\li :—i(m|/1

& (1)

=_  =-k?y
ox? J

The energy and momentum are given as

We have E=P

= ho = S (2)

Using eq"(1) in eq"(2),



0 . oAl (3)

=|ik =__ ~ ' |
ot 2m ox?

This is the time-dependent Schrodinger equation for a free particle in 1-
dimension.

If the particle is in a potential V(x), then

2
E=P v
2m

oy~ Py
T A &
ot 2m ox?

+Vy (4)

Similarly along Y and Z-axis is given as

i N _TH R vy

ot 2moy?

.. Oy hi2
in Tt =="2 Ay +V S
= ViV (5)

Time-independent Schrodinger equation:

If the energy of the system does not change with time then

E = remains constant

Now from eq" (1),
iha—a\lf =in(-ioy ) =hoy = Ey
2
noo n
Ey :ﬁv v +Vy [fromeq (5)]




This is time-independent Schrodinger equation in 3-D.

Particle in a one dimensional box:

The physical situation in which the potential between the boundary wall
Is zero and is infinite at the rigid walls is called one dimensional box or
one dimensional infinite potential well.

The potential function for the situation is given as

V(x)=0,0<x<a

—w,x<0and x>a



Viz) & Box

9 - Y.
0 /Hp

Now Schrodinger equation inside the well is given as
d2y L 2m

a7

h

=0

d*y
+Kry = 1
dx’ 0 (1)

=

The general solution of eq"(1) is given as
\If (X) — qeikx +C2e—ikx
= Asinkx+ Bcoskx (2)

Where A and B are to be determined from the boundary condition at x=0
and x=a.

Thus eq"(2) becomes, 0=[Asinkx+Bcoskx] , =0+B

=[B=0]

Thus the wave function inside the well is given as

w (X) = Asinkx (0<x<a) (3)

Energy eigen Values:-

From eq"(3),

0=[Asinkx] , = Asinka  at Xx=a

=0



= |ka =nr] n=1,2,3....

Thus allowed bound states are possible for those energies for which the

width of the potential well is equal to integral multiple of half wave
length.

Since k= 2ME
hz
— 22 2mEa? 2 2
ka = 7 =N
. B hZTcZ )
" 2ma’

Thus the energy of the particle in the infinite well is quantized.

hPm?
2ma?
of the particle and is called the zero point energy.

» The energy of the higher allowed levels are multiple of E; and
proportional to square of natural numbers.
» The energy levels are not equispaced.

which is the minimum energy

» The ground state energy is E =

E )

0

Eigen Functions




The eigen functions of the allowed states can be obtained as

400

I|\4/|2dx:1

—00

a

:ﬂAlzsin2 kxdx =1 (0O<x<a)

2% 1—cos 2kx

:>|AY[ ; dx=1

2 a |7Sir\2|(X—|a
:>_2:[x] - =a
A,

= A? =

:>A:\/Z

a
wn(x)z\/gsinnfx

Thus the eigen function for each quantum state are obtained by

2 .1
\|/1(x)—"gsmax

2 . 21
wz(x)—"gsm L

2 . 3m
\|,3(X)=\/;sm ] xetc.

o N
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Fig. 3.1. The wave functions for Fig. 3.2. The probability densities in One-
the One-dimensional particle-in- dimensional particle-in-a-box
a-box

LASER(MODULE V)

Laser' is an acronym for ‘light amplification by the stimulation
emission of radiation'. Its theoretical basis was postulated by Albert
Einstein. The first tooth exposed to laser light was in 1960. Lasers can
be applied to almost any clinical situation.

Lasers are light beams that are powerful enough to travel miles into the sky and cut
through lumps of metal. Although they seem like a recent invention, they have
been with us for half a century. The first practical laser was built by Theodore H.
Maiman at Hughes Research Laboratories in 1960. At the time, lasers were an
example of cutting-edge technology. Today, we have lasers at our homes, offices
and shopping centres. Whether or not we realise it, all of us use lasers all day. But
how many of us understand what they are and how they work?

How does a laser work?

The output of a laser is a coherent electromagnetic field. In a coherent beam of
electromagnetic energy, all the waves have the same frequency and phase.

A basic laser consists of a chamber known as the cavity which is designed to
reflect infrared, visible or ultraviolet waves so that they reinforce each other. The
cavity can contain either solids, liquids or gases. The choice of the cavity material
determines the wavelength of the output. Mirrors are placed at each end of the
cavity. One of the mirrors is totally reflective, not allowing any of the energy to
pass through them. The other mirror is partially reflective, allowing 5% percent of
the energy to pass through them. Through a process known as pumping, energy is
introduced into the cavity through an external source.


https://byjus.com/physics/electromagnetic-field/

Due to pumping activity, an electromagnetic field appears inside the laser cavity at
the natural frequency of the atoms of the material that fills the cavity. The waves
are reflected back and forth between the mirrors. The length of the cavity is such
that the reflected waves reinforce each other. The electromagnetic waves in phase
with each other emerge from the end of the cavity having a partially reflective
mirror. The output is a continuous beam, or a series of brief, intense pulses.

Characteristics of Lasers
We can separate the characteristics of laser beam into four major categories as:

. Superior Monochromatism
. Superior Directivity
. Superior Coherence
« High Output
Using these characteristics of lasers, they are applied in various fields such as

optical communication and defence. In the next section, let us look at the various
applications of lasers.

Uses of Laser

When lasers were first invented, they were called “a solution looking for a
problem”. Since then they have become ubiquitous finding utility in various
applications of modern society ranging from consumer electronics to the military.

Tools

. Cutting tools that employ CO2 lasers are widely used in industries. They are
precise, easy-to-automate and don’t need sharpening, unlike knives.

. We use robot-guided lasers to cut pieces of cloth to make things such as
denim jeans than using our bare hands. They are faster, more accurate and
improve efficiency and productivity.

. The same precision is of utmost importance in the field of medicine. Doctors
use lasers for everything from blasting cancerous tumours to correcting
defective eyesight.

Communication

. The barcode scanner in a grocery store uses a laser to convert a printed
barcode into a number that a checkout computer can understand.

. Every time you play a CD or a DVD, a semiconductor laser beam bounces
off the spinning disc to convert its printed pattern of data into numbers; a
computer chip converts these numbers into movies, music, and sound.



Lasers are used in fibre

optic cables and a technology known as photonics

which uses photons of light to communicate.

Defence

The military uses laser guided weapons and missiles.

Difference between a Flashlight and Laser

Flash Light

Flash light produces a white
light which is a mixture of
different colours of different
frequencies

Laser Light
Laser produces a monochromatic
light of single colour and
frequency

Flash light spreads out
through a lens into a short
fuzzy cone

A laser shoots a much tighter,
narrower beam over a much
longer distance

Light waves in a flashlight
beam are all jumbled up ( the
crests of some beams mixed
with the troughs of others.)

Light waves in a laser beam are
aligned (the crest of every wave
is lined up with the crest of every
other wave.)

PUMPING

Depending on the laser type, pumping can be achieved through
various methods, including optical pumping, electrical pumping, and
chemical pumping. Regardless of the pumping method used, the key to
achieving laser action is to produce a population inversion in the gain
medium.

Four Level Pumping in Laser

Mnreptien Band
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Emission
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Einstein coefficients
Einstein Coefficient Relation derivation and discussion:

Einstein showed the interaction of radiation with the matter with the help of three
processes called stimulated absorption, spontaneous emission, and stimulated
emission. He showed in 1917 that for a proper description of radiation with matter,
the process of stimulated emission is essential. Let us first derive the Einstein
coefficient relation on the basis of the above theory:

Let R; be the rate of absorption of light by E; -> E; transitions by the process
called stimulated absorption

—————— EE_:_

o

Stimulated Absorption
This rate of absorption Riis proportional to the number of atoms N1 per unit
volume in the ground state and proportional to the energy density E of radiation

That is R0 N1 E


https://winnerscience.com/science/physics/laser-physics/stimulated-absorption/

Or R:1=BNi E (1)

Where Bi2 is known as the Einstein’s coefficient of stimulated-—abserption and it
represents the probability of absorption of radiation. Energy density e is defined as
the incident energy on an atom as per unit volume in a state.

Einstein Coefficient for Spontaneous Emission:

Now atoms in the higher energy level E,can fall to the ground state
E1 automatically after 108 sec by the process called spontanecus-emission

. g Ez EE
olon
--E-I--'i
hw
< E; E,

Spontaneous Emission
The rate Rz of spontaneous emission Ex-> E; is independent of energy density E of
the radiation field.

R is proportional to number of atoms N3 in the excited state E> thus
R0 N2
R2:A21 Nz (2)

Where Az is known as Einstein’s coefficient for spontaneous emission and it
represents the probability of spontaneous emission.

Einstein Coefficient for Stimulated Emission:


https://winnerscience.com/science/physics/laser-physics/stimulated-absorption/
https://winnerscience.com/science/physics/laser-physics/spntaneous-emission/

Atoms can also fall back to the ground state E;under the influence of the
electromagnetic field of an incident photon of energy E»-Ei=hv by the process
called stimulated-emission (Refer below Figure):

+ E, &
photons ohoon
— =3 — T
nlllll '——-".i
o E:  E :

Stimulated Emission
Rate Rz for stimulated emission E»-> E; is proportional to energy density E of the
radiation field and proportional to the number of atoms N> in the excited state,thus

Rsa N> E
Or R3=B21N2 E (3)

Where B»1is known as the Einstein coefficient for stimulated emission and it
represents the probability of stimulated emission.

Einstein Coefficient Relation Derivation:

In steady-state (at thermal equilibrium), the two emission rates (spontaneous and
stimulated) must balance the rate of absorption.

Thus R1=R>+R3
Using equations (1,2, and 3) ,we get
N1B12E=N2A21+N2B2a1E

Or N1B12E —N2B21E=N>A21


https://winnerscience.com/science/physics/laser-physics/stimulated-or-induced-emission/

Or (N1B12-N2B21) E =N2A»

Or E= N2A21/N1B12-N2B21

= N2A21/N2B21[N1B12/N2B21 -1]

[by taking out common N2B,i1from the denominator]

Or E=A21/B21 {1/N1/N2(B12/B21-1)) (4)

Einstein proved thermodynamically, that the probability of stimulated absorption is
equal to the probability of stimulated emission. thus

B12=B21
Then equation(4) becomes
E:A21/le(1/N1/N2-1) (5)

From Boltzman’s distribution law, the ratio of populations of two levels at
temperature T is expressed as

N1/Ny=eE, EIKT

N1/Ny=emv/KT

Where K is the Boltzman’s constant and h 1s Planck’s constant.
Substituting value of N1/Nzin equation (5) we get

E= Au/B2i(1/e"KT-1) (6)

Now according to Planck’s radiation law, the energy density of the black body
radiation of frequency v at temperature T is given as



E=8nhv¥c3(1/eNVKT) (7)
By comparing equations (6 and 7),we get

A21/B21=8nhv3/c?

This is the relation between Einstein’s coefficients in laser.

Significance of Einstein coefficient relation: This shows that the ratio of
Einstein’s coefficient of spontaneous emission to the FEinstein’s coefficient of
stimulated absorption is proportional to the cube of frequency v. It means that at
thermal equilibrium, the probability of spontaneous emission increases rapidly
with the energy difference between two states.

Construction and working of Ruby laser

Construction

Ruby is a crystal of aluminum oxide (Al203) in which some of the aluminum ions
(AIP+) are replaced by chromium ions (Cr3+). This is done by doping small
amounts of chromium oxide (Cr203) in the melt of purified Al2Os.

These chromium ions give the crystal a pink or red color depending upon the
concentration of chromium ions. Laser rods are prepared from a single crystal of
pink ruby which contains 0.05% (by weight) chromium. Al>,Os does not participate
in the laser action. It only acts as the host.

The ruby crystal is in the form of a cylinder. The length of ruby crystal is usually 2
cm to 30 cm and diameter 0.5 cm to 2 cm. As a very high temperature is produced
during the operation of the laser, the rod is surrounded by liquid nitrogen to cool
the apparatus.

Active medium or active center: Chromium ions act as active centers in ruby
crystals. So it is the chromium ions that produce the laser.


https://winnerscience.com/science/physics/laser-physics/how-does-a-laser-work/

Pumping source: A helical flash lamp filled with xenon is used as a pumping
source. The ruby crystal is placed inside a xenon flash lamp. Thus, optical
pumping is used to achieve population inversion in ruby laser.

Optical resonator system: The ends of ruby crystal are polished, grounded, and
made flat. One of the ends is completely silvered while the other one is partially
silvered to get the output. Thus the two polished ends act as an optical resonator
system.

Working
Let us now discuss the working of ruby laser.

Ruby is a three-level laser system. Suppose there are three levels E1, E2, and (E3
& E4). E1 is the ground level, E2 is the metastable-level, E3 and E4 are the bands.
E3 & E4 are considered as only one level because they are very closed to each
other.

Pumping: The ruby crystal is placed inside a xenon flash lamp and the flash lamp
Is connected to a capacitor which discharges a few thousand joules of energy in a
few milliseconds. A part of this energy is absorbed by chromium ions in the
ground state. Thus optical pumping raises the chromium ions to energy levels
inside the bands E3 and E4. This process is called stimulated absorption. The
transition to bands E3 and E4 are caused by absorption of radiations corresponding
to wavelengths approximately 6600 angstroms and 4000 angstroms respectively.
The levels inside the bands E3 and E4 are also known as pumping levels.

Achievement of population inversion: Cr3+ ions in the excited state lose a part of
their energy during interaction with crystal lattice and decay to the metastable state
E2. Thus, the transition from excited states to metastable states is a non-radiative
transition or in other words, there is no emission of photons. As E2 is a metastable
state, chromium ions will stay there for a longer time. Hence, the number of
chromium ions goes on increasing in the E2 state, while due to pumping, the
number in the ground state E1 goes on decreasing. As a result, the number of
chromium ions becomes more in an excited state(metastable state) as compared to
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ground state E1. Hence, the pepulationtnversion is achieved between states E2 and
E1l.

Achievement of laser: Few of the chromium ions will come back from E2 to
E1 by the process of spontaneous emission by emitting photons. The wavelength
of a photon is 6943 A. This photon travels through the ruby rod and if it is moving
in a direction parallel to the axis of the crystal, then it is reflected to and fro by the
silvered ends of the ruby rod until it stimulates the other excited ions and causes it
to emit a fresh photon in phase with the stimulating photon. Thus, the reflections
will result in stimulated emission and it will result in the amplification of the
stimulated emitting photons. This stimulated emission is the laser transition.

The two stimulated emitted photons will knock out more photons by stimulating
the chromium ions and their total number will be four and so on. This process is
repeated again and again, thus photons multiply. When the photon beam becomes
sufficiently intense, then a very powerful and narrow beam of red light of
wavelength 6943 A emerges through the partially silvered end of the ruby crystal.

In the energy level diagram, E2 is the upper laser level and E1 is the lower laser
level because the laser beam is achieved in between these levels. Thus, the ruby
laser fits into the definition of three-level laser system.

Output: The output wavelength of the ruby laser is 6943 A and output power is 10
raise to power 4 to 10 raised to power 6 watts and it is in the form of pulses.

Spiking in Ruby laser:

As we have discussed in the working of ruby laser that the terminus of laser action
Is the ground state E1 in ruby laser. Therefore it is difficult to maintain the
population inversion. This will result in the depletion of the upper laser level E2
population (due to stimulated emission) more rapidly than it can be restored by the
flashlight that is an optical pumping source. The laser emission is made up of
spikes of high-intensity emissions. This phenomenon is called the spiking of the
laser.

After the depletion of the E2 state, the laser action ceases for a few microseconds.
Since the flash lamp is still active, it again pumps the ground state chromium ions
to the upper level and again laser action begins. A series of such pulses is produced
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until the intensity of the flashlight has fallen to such a level that it can no longer
rebuild the necessary population inversion. So the output laser will be in the form
of pulse in ruby laser or in other words, it will not be continuous.

Drawbacks of ruby laser

1. As the terminus of laser action is the ground state, it is difficult to maintain the
population inversion. This fact results in ruby laser’s low efficiency.

2. The ruby laser requires a high power pumping source.

3. The laser output is not continuous but occurs in the form of pulses of
microsecond duration.

4. The defects due to crystalline imperfection are also present in ruby laser.
Uses of ruby laser

1. Ruby laser has very high output power of the order of 10*— 10° watts. It has a
wavelength of 6943 Angstroms.

2. Ruby lasers are used for holography, industrial cutting, and welding.

This is all about the construction and working of Ruby Laser. We have also
learned about spiking in Ruby Laser, output, disadvantages, and uses of Ruby
Laser. In my other articles, | have discussed the first gas laser that
Is construction and working of Helium-Neon laser.
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Helium - Neon Laser (Introduction}

This was the first gas laser to be operated successfully.} It was invented by Ali Javan and his co-workers at
Bell} Telephone Laboratories in the USA in 1961. Vivekananda College of Arts and Science (Women), Sirkali
Its usual operation wavelength is 6328A in the red portionof the visible spectrum.} He-Ne laser is a four-level
I This consists of a mixture of helium and neon gases in a ratioof about 10:1.}Construction of a Helium
Construction of a Helium - Neon laserNeon laser The setup consists of a long and narrow discharge tube of}
length 80 cm and diameter of 1 cm. The pressure inside the tube is about 1mm of Hg.} The energy or pump
source of the laser is provided by anVivekananda College of Arts and Science (Women), Sirkali} The energy
or pump source of the laser is provided by anelectrical discharge of around 1000 volts through an anodeand
cathode at each end of the glass tube} The optical cavity of the laser typically consists of a plane,
highreflecting mirror at one end of the laser tube, and a partiallytransparent mirror of approximately 1%
transmission at the other end. }aser}



Power supply

[

1
| NN~
l Laser

He-Ne gas mixture I SN~ heam
1 NN
] \l

ul —J —

Discharge tube Partially
silvered
mirror
Fig He - Ne laser
Collision
Meta stable state
‘0.6leV 20.66eV 6328A
6328A | ~~~~p Laser
18,706V —3 4 ~AAA~ transition
Spontaneous transition
£ L

Excitation by

collision with

electrons

Radiation less
transition
0eV u
Ground state 4
Hellum atom Neon atom
Fig Energy level diagram for He-Ne laser system

WORKING OF HE-NE LASER

Working of a Helium Working of a Helium - Neon laser Neon laser Electric discharge is passed through the
gas. As electrons have a} smaller mass than ions, they acquire a higher velocity. The He atoms are more
readily excitable than Neon as they are} in higher concentration. The role of He atoms is to assist in pumping
Ne atoms to higher energy levels via inter atomic collisions} Vivekananda College of Arts and Science
(Women), Sirkali Electrons collides with the He atoms, excite them to the} metastable states F2(19.81eV) and
F3(20.61eV) stay for a sufficiently long time. The excited He atoms losses energy through collision with}
unexcited Ne atoms, Ne atoms are excited to the metastablestates E4(18.7eV) & E6(20.66eV) which have
nearly the same energy as the levels of F2 & F3 of He.

The probability of energy transfer from He atoms to Neon atoms is more as there are 10 He atoms to 1Neon
atoms in the medium. Population inversion is achieved between E6} & E5, E6 &E3, E4 &E3. E6 E3
transition generates a laser beam of red colour of} Vivekananda College of Arts and Science (Women), Sirkali
wavelength 6328A. E4 E3 transition produces laser beam of wavelength 1.15um} (not in visible region). E6
E5 transition results in a laser beam of 3.39um (not in} visible region). E3 E2 transition generates incoherent
light due to} spontaneous emission (~6000A)

From the level E2 , the Ne atoms are brought back to the ground state through collisions with the walls. Also
since E2 level is a metastable state , it can decrease the} population inversion by exciting atoms from E2 to E3
. Hence the tube is made narrow so that Ne atoms in level E2 deVivekananda College of Arts and Science
(Women), Sirkali excite by collision with the walls of the tube. By a proper design of resonator , laser action
in Ne is obtained} in the visible region (6328A)
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APPLICATION

The Narrow red beam of He-Ne laser is used in supermarkets to read bar codes. The He- Ne Laser is used in
Holography in producing the 3D} images of objects. Vivekananda College of Arts and Science (Women),
Sirkali  He-Ne lasers have many industrial and scientific uses, and are} often used in laboratory
demonstrations of optics.

ADVANTAGE /DIS ADVANTAGES

Following are the benefits or advantages of Helium - Neon Laser: He-Ne laser tube has very small length
approximately from 10 to} 100cm. Cost of He-Ne laser is less from most of other lasers.} Construction of
He-Ne laser is also not very complex.} He-Ne laser provide inherent safety due to lower power output}
Vivekananda College of Arts and Science (Women), Sirkali Following are the drawbacks or disadvantages of
Helium -} Neon Laser: He-Ne laser is low gain system / device.} High voltage requirement.} Escaping of
gas from laser plasma tube}
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